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Introduction
• AUG test case proposed by Philipp Lauber
• Shot considered is AUG #31213, at t=0.84s (shortly, #31213@0.84s), see 

http://www2.ipp.mpg.de/~pwl/NLED_AUG/data.html
• In order to use such test case to benchmark HYMAGYC on a realistic, fully 

shaped equilibrium, we have considered the experimental EQDSK 
g031213.00003 (after some iteration with Philipp):
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Introduction
From IAEA FEC2020 synopsis:
One of the major challenges in magnetic confinement thermonuclear fusion research concerns 
the confinement, inside the reaction chamber, of the energetic particles (EPs) produced by 
fusion reactions and/or by additional heating systems, as, e.g., electron and ion cyclotron 
resonant heating, and neutral beam injection. In such experiments, EPs, having their velocities 
of the order of the Alfvén velocity, can resonantly interact with the shear Alfvén waves. In order 
to predict and, eventually, minimize the Energetic Particle (EP) transport in the next generation 
fusion devices, several numerical models, based on different theoretical approaches, have been 
developed. In this respect, it is crucial to cross verify and validate the different numerical 
instruments available in the fusion community. For this purpose, in the frame of the Enabling 
Research project MET [1], a detailed benchmark activity has been undertaken among few of the 
state-of-the-art codes available to study the self-consistent interaction of an EP population with 
the shear Alfvén waves, in real magnetic equilibria in regimes of interest for the forthcoming 
generation devices (e.g., ITER [2], JT-60SA [3], DTT [4]). The codes considered in this 
exercise are HYMAGYC [5], MEGA [6], and ORB5 [7, 8], the first two being hybrid MHD-
Gyrokinetic codes (bulk plasma is represented by MHD equations, while the EP species is 
treated using the gyrokinetic formalism), the third being a global electromagnetic gyrokinetic 
code (both bulk and EP species are treated using the gyrokinetic formalism).



Fusion Unit
EUROfusionG. Vlad MET mid-term Worshop 2020, March 23-25, 2020 4

Setting up of the benchmark equilibrium and  parameters

The so-called NLED-AUG [9] reference case has been considered, both for the peaked 
off-axis and peaked on-axis EP density profile cases, using its shaped cross section 
version. This case poses an exceptional challenge to the codes due to its high EP 
pressure, the rich spectrum of experimentally observed instabilities and their non-
linear interaction [10].
Particular care has been devoted to consider plasma and numerical parameters as close 
as possible among the three codes: the same input equilibrium file (EQDSK) has been 
considered, ion density profile has been obtained by imposing quasi-neutrality (Zini + 
ZHnH = ne), as required by ORB5 (here ni, ne, nH are the bulk ions, electrons, and EP 
densities (both bulk ion and EPs are assumed to be Deuterons), respectively, and Zi, 
ZH their electric charge numbers); finite resistivity η and the adiabatic index, Γ = 5/3, 
have been assumed for both the hybrid codes (this is the usual choice used in MEGA, 
where also some viscosity is considered to help numerical convergence; note that 
HYMAGYC do not include viscosity).
Only finite orbit width (FOW) effects has been retained for now, and an isotropic 
Maxwellian EP distribution function of Deuterons with TH =93 keV, constant in 
radius, has been considered. 
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AUG experimental reference case #31213

2nd NLED meeting,  14.4.2015

ASDEX Upgrade
Comparison theory-experiment

TAEs at ASDEX-Upgrade (#21007, Mirnov coils)
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ASDEX Upgrade: early off-axis NBI drive [93keV]:!
 bursting EGAMs, RSAEs and TAE/EPMs

EGAM

q=2@!
rho_pol~0.3

RSAEs

TAEs

•rather well reproducible scenario!
•no ‘sea’ of Alfvenic modes (TAEs/RSAEs)!
•but strongly chirping n=0 modes and n=1 ‘bursts’!

[July 2014]
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From Ph. Lauber notes, NLED_AUG_benchmark_case.pdf:
2nd NLED meeting,  14.4.2015
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a = 1.71587e+19     b = -4.52225e+18;  c= -8.85926e+18  d= 1.98778e+17   !

ne(x)=a+b x+c x2+d x4electron density [m-3]:

x: sqrt (normalised poloidal flux)

electron density:
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deuterium temperature[eV]:  Ti(x)=a+b x2+c x3+d x4!
 a=2474.1; b=-5128.7;c=3417.9,d=-473.3!

!

deuterium temperature:

x: sqrt (normalised poloidal flux)
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electron temperature [eV]: Te(x)=a+b x2+c x3+d x4+e x5

electron temperature:

a = 707.419; b = 11909.8;  c = -34439.8; d = 33868.6; e = -11986.6        !

x: sqrt (normalised poloidal flux)
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a = 3.552e+18;!
b = -6.52986e+18;!
c= 2.97864e+18  

nfD(x)=a+b x2+c x4

suggestion for starting point (TAE,RSAE,BAE):!
change (Maxwellian) temperature;    ‘effective’ Tfast,D ~ 30keV (Tf/TD=18.75)!
!
representation of anisotropy (EGAM) to be determined together with Claudio!
is Claudio’s representation [PPCF, 54, (2012) 105017] ok?

simplified NBI distribution function

Bayesian derivation of plasma EDF 2

heating sources in tokamak experiments:

feq =
N (w/Tw)
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, (1)

being w the kinetic energy per unit mass, µ the magnetic moment per unit mass,

λ = µ/w the pitch angle and Pφ = (es/ms)pφ, being es the charge andms the mass of the
considered species, and pφ the canonical toroidal momentum, assuming an axisymmetric

system. Moreover, N ,αw, Tw,Pφ0,∆Pφ
,λ0 and ∆λ are control parameters. In [1], the

orbit theory has been described through the constant of motions (COMs) Pφ, w,λ, where

the canonical momentum Pφ, is treated as a spatial coordinate; the same choice is taken

also here‡.
Together with (1), the regularized EDF,

feq,R = feqheq, (2)

being

heq =
H(wb − w)δconfined
1 + (wc/w)3/2

, (3)

has been proposed in [1] as general plasma EDF for describing populations of particles
encountered in many tokamak scenarios. In (3), H(wb−w) is the Heaviside step function

which takes into account the presence of a mono-chromatic source of birth energy wb.

The factor 1 + (wc/w)3/2 mimics the Slowing-Down behavior in energy, being wc the

critical energy [9, 10], resulting from the relaxation of the considered species with bulk

ions and electrons. The symbol δconfined is the analytical condition for a particle whose

orbit is mostly determined by Pφ, w and λ, to be confined in the plasma volume§.
This EDF has already been implemented in the hybrid code XHMGC [2] and in the

gyrokinetic code NEMORB [3]. It has been shown that, by varying the EDF control

parametersN ,αw, Tw,Pφ0,∆Pφ
,λ0 and∆λ, (2) can represent anisotropic equilibria as for

the case of Neutral Beam Injection and Ion Cyclotron (or Electron Cyclotron) Resonance

Heating. Moreover, it can also represent nearly isotropic equilibria as for the case of

Slowing-Down alpha particles and core thermal plasma populations. In [1] it has been
proposed a heuristic derivation of feq whilst, in the present work, a rigorous one is

shown based on probabilistic principles and general hypothesis for deriving a class of

EDFs which includes also the distribution function (1) and (2).

The distribution function, feq = feq(Pφ, w,λ), in (1) is an EDF because it depends solely

on COMs. In this way the total time derivative is

ḟeq = Ṗφ∂Pφ
feq + ẇ∂wfeq + λ̇∂λfeq = 0, (4)

being Ṗφ = ẇ = λ̇ = 0. In an EDF, the dependency on COMs is commonly obtained
by the transport Boltzmann equation, and precisely by the kernel of the Boltzmann

collision operator, CB:

CB(feq) = 0. (5)

‡ At equilibrium the motion is unpertubed and fields are stationary, so that it will be considered only
the guiding center transformation.
§ The explicit analytical expression of δconfined can be found in [1] and will not be reported here.
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a = 4.58182e+17;  b = 2.30149e+19 ;    !
c = -7.56176e+19; e= -1.4614e+20; g= 1.98287e+20    !

nf(x)=a+b x2+c x6+e x4+g x5!

TRANSP NBI distribution function

x: sqrt (normalised poloidal flux)

nH,on-axis(s)

nH,off-axis(s)
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Equilibrium reconstruction
• The file EQDSK g031213.00003 has been used to reconstruct the 

experimental equilibrium with CHEASE:
– magnetic field normalization B0, and length R0 used in 

g031213.00003: B0=Bmagnetic-axis= -0.220811798E+01,
R0=Rmagnetic-axis=0.166599977E+0

– some parameters used in CHEASE:
oNTMF0=1
o assign q(s=0) to on-axis q value found in g031213.00003: 

required to have an “open” toroidal gap:
NCSCAL=1, QSPEC=2.39895701, CSSPEC=0.
o add some smoothing to the boundary to make CHEASE 

converge more easily: TENSBND=-30.
– in HYMAGYC (and MARS) use Jacobian: J~R/|∇ψ|
– Consider an equivalent equilibrium with B0=>|Bmagnetic-axis| and 

the toroidal current parallel to the toroidal magnetic field: Iϕ//Bϕ

From https://www.afs.enea.it/vlad/Miscellaneous/Benchmark_AUG_testcase_MEGA_ORB5_HYMAGYC_2019/
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Codes and constrains
• MEGA: Hybrid MHD-Gyrokinetic (bulk: nonlinear MHD, Energetic Particles: GK, coupling term through EP current 

density j’H)
[Todo, Y. & Sato, T. Linear and nonlinear particle-magnetohydrodynamic simulations of the toroidal Alfvén eigenmode. Phys. Plasmas 5, 1321–1327 (1998); 
Todo, Y., Shinohara, K., Takechi, M. & Ishikawa, M. Computer simulation of frequency sweeping of energetic particle mode in a JT-60U experiment. J. 
Plasma Fusion Res. 79, 1107–1108 (2003)]

Main features: (R, Z) coordinates (flux coordinates for analysis), includes resistivity η, viscosity ν, adiabatic index ! in the 
MHD solver 
• ORB5: Fully Gyrokinetic, electromagnetic  (bulk (e, i) & Energetic Particles: GK) [E. Lanti et al., Computer Physics 

Communications (2019)]

• HYMAGYC: Hybrid MHD-Gyrokinetic (bulk: linear, resistive, full MHD, Energetic Particles: GK, coupling term 
through divergence of EP pressure tensor)) [G. Fogaccia, G. Vlad, S. Briguglio, Nucl. Fusion 56 (2016) 112004]

Main features: (s, ", ϕ) flux coordinates, generalized curvilinear coordinates, can include, in the MHD solver: resistivity η , 
adiabatic index !, (but no viscosity)
We consider, for the purpose of this benchmark, only 
Finite Orbit Width (FOW) effects, neglecting Finite 
Larmor radius (FLR) ones.
Parameters required by each code:
• MEGA: norm. resistivity S-1

MEGA=5�10-7 [MEGA 
units: SMEGA=μ0 R0 vA0/η, SHYMAGYC=μ0 (a2/R0) vA0/η]
(HYMAGYC-MEGA)
• MEGA: norm. viscosity νnorm=ν/(R0vA0)=5�10-7

• MEGA: adiabatic index !=5/3 (HYMAGYC-MEGA)
• ORB5: quasi-neutrality Zini(s)=ne(s)-ZHnH(s)

(ORB5-HYMAGYC-MEGA)
• Maxwellian EPs, TH=0.093MeV

(ORB5-HYMAGYC-MEGA)

ne(s), nH(s) => ni(s)

on-axis off-axis
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Alfvén continua, stability
Following Philipp notes, we look for ideal (η=0) MHD Alfvén continua, in the limit nH=0:
• step 2: shaped bulk density profile (independent on bulk temperature profile):

ni(x)=ne(x)=a + b x + c x2 + d x4 (MARS and HYMAGYC modifies accordingly…)
shaped bulk density profile “opens” the toroidal gap for n=-1;
normalized coefficients: a=1, b=-2.63554E-01, c=-5.16313E-01, d=1.15847E-02

m=4

m=1

m=3

m=2

q=3   4 5

MARS result (!=0, η=0):
almost marginally stable mode is a TAE:
dominant components m=2, 3; 
ω/ωA0=�0.23280

vs
m,n=-1(s) (Re, Im)
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HYMAGYC: Alfvén continua, “decay simulation”
A “decay simulation”, HYMAGYC result, for nH=0 (but now !=5/3, S-1MEGA=5�10-7):
• two weakly stable modes, TAE: dominant components m=2, 3; ω/ωA0≈�0.23
• a rich spectrum of global modes
• SAW Alfvén continua also observed (log color scale...)

Falcon code (Falessi et al.) for SAW and ISW continua

MARS code for 
MHD continua’plotta-max1’ plotta-max
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Nominal case comparison

HYMAGYC

on-axis EPs density profile
nH0/ni0≃0.261, TH=0.093 keV

off-axis EPs density profile
nH0/ni0≃0.0274, TH=0.093 keV

ω vs. s [kHz] ω vs. s [kHz]

The growth rates and frequencies shown in Fig.3 have been measured at s = 0.53 for the

harmonic with m = �2 and at s = 0.75 for the harmonics with m = �2,�3. For these linear

simulations the observed mode structures appear to have the shape shown in Fig.4 on the bottom

left. The frequency spectra coincide with the one shown in Fig.5 on the top, so no TAE is

observed.

Figure 4: Nonlinear simulation with nEP (0)/nD(0) = 0.26. Top Left: Time evolution of the

maxima for each poloidal mode. Top Right: Initialization. Bottom: Mode structure observed

in the linear and nonlinear phase.

4

Figure 5: Nonlinear simulation with nEP (0)/nD(0) = 0.26. Frequency spectra measured for the

poloidal harmonics m = 2, 3 in the linear and nonlinear phase.
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similar to TAE in HYMAGYC nH=0 “decay experiment”

MEGA standard MHD

ORB5 (new equilibrium/cocos=2)

MEGA standard MHD

HYMAGYC

ORB5 (new equilibrium/cocos=2)
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EP density scan
Note: because of the imposed quasi-neutrality condition [Zini(s)=ne(s)-ZHnH(s)], varying nH
results in varying the bulk ion density profile, i.e., the mass density profile entering in the MHD 
momentum equation and the Alfvén velocity and frequency used in the normalization of the 
hybrid codes (HYMAGYC, MEGA). SAW continua from FALCON code.
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EP temperature scan
on-axis EPs density profile - off-axis EPs density profile -

G. Vlad MET mid-term Worshop 2020, March 23-25, 2020 14

-5 104

0

5 104

1 105

1.5 105

2 105

2.5 105

0 0.05 0.1 0.15

gamma[s^/1]=5.53876E+06*gamma/wA0
Growthrate1[s^-1]
g[s-1]=g*5.093588e6

ga
m

m
a[

s^
/1

]=
5.

53
87

6E
+0

6*
ga

m
m

a/
w

A
0

T_H (MeV)

HYMAGYC
MEGA-stMHD
ORB5

-250

-200

-150

-100

-50

0

0 0.05 0.1 0.15

freq[kHz]=5.53876E+06*/2/pi/1000*omega/wA0
frequency1[kHz]
w[kHz]=w*5.093588e6/2/pi/1000

fr
eq

[k
H

z]
=5

.5
38

76
E+

06
*/

2/
pi

/1
00

0*
om

eg
a/

w
A

0

T_H (MeV)

HYMAGYC
MEGA-stMHD
ORB5

0

5 104

1 105

1.5 105

2 105

2.5 105

3 105

3.5 105

0 0.05 0.1 0.15

g_central[s^-1]=g*4.99946e6
g_edge[s^-1]=g*4.99946e6
Growthrate1[s^-1]
g[s-1]=g*5.093588e6

g_
ce

nt
ra

l[s
^-

1]
=g

*4
.9

99
46

e6

T_H (MeV)

HYMAGYC
HYMAGYC
MEGA-stMHD
ORB5

-200

-150

-100

-50

0

50

100

150

200

0 0.05 0.1 0.15

w_central[kHz]=w_central*4.99946e6/2/pi/1000
w_edge[kHz]=w_edge*4.99946e6/2/pi/1000
frequency1[kHz]
w[kHz]=w*5.093588e6/2/pi/1000

w
_c

en
tra

l[k
H

z]
=w

_c
en

tra
l*

4.
99

94
6e

6/
2/

pi
/1

00
0

T_H (MeV)

HYMAGYC
HYMAGYC
MEGA-stMHD
ORB5

HYMAGYC external TAE

HYMAGYC external TAE

Reasonable agreement 
among different codes for 

similar modes



Fusion Unit
EUROfusionG. Vlad MET mid-term Worshop 2020, March 23-25, 2020 15

Miscellanea
Careful survey of conventions used in the three codes, e.g.:
• conventions for equilibrium:

– Grad-Shafranov signs, definition of the flux function ψ => COCOS number!
• conventions for Fourier transforms (space, time):

– HYMAGYC, e.g., uses:
o for space variables:
o for Fourier transoform in time (following the usual linear MHD 

convention, such that !>0 corresponds to growing modes, with 
ω=ω0+i!): f(t) = int[f(ω) exp(-i ω t) dω]

– different definitions of various quantities and normalizations (e.g., ωA0, B0
(Bgeo, Bmag. axis, Bvacuum/plasma, resistivity, etc.)

• To avoid this kind of questions, it would be very useful to work in a same 
environment (as, e.g., ITMENV, IMAS, ...)

=> HYMAGYC is itmenv/“almost imasenv” compliant

AX=yBX
= =

(4)

The eigenvalues yare found by the inverse vector iteration [1), appropriately generalized
for complex eigenvalues and eigenvectors. A guess value Yo is given for y and (4) is
rewritten as (A - YO B) X = (y - YO) B X. The eigenvectors are then found by iteration

(5)

For the iteration (5), the matrix A - Yo B has to be inverted. Although the full inversion is
done only once, it is generally the most time-consuming part of the calculation. The
eigenvalue is estimated on every step of the calculation as

(6)

The iteration is terminated when the components of X have converged within some
predetennined error.

In each step of the iteration (5), the eigenvector corresponding to an eigenvalue y
is multiplied by 1/(y-yo). Therefore, the inverse vector iteration always finds the
eigenvalue closest in the complex plane to YO' In principle, this allows us to find all
eigenvalues, including the stable ones. This property is particularly useful when the
eigenvalues become complex, as in the case of tearing modes stabilized by pressure
gradients and favorable curvature [8), where marginal stability occurs at finite frequency.

3. DISCRETIZATION

3.1 Choice of elements

The poloidal angular variation is represented by Fourier decomposition, e.g.,
m2

VS(s, X, ep) =einell eimX (7)
m=ml

and for the discretization in s we use the finite element method (FEM).
In order to write all s-derivatives in the most compact form possible and avoid

spurious modes due to "mesh separation", it is necessary to use different types of
elements for the various components of the perturbation. In MARS, only piecewise
linear and piecewise constant elements are used and the eigenvalues converge
quadratically with the mesh size, oc lIN; = h2. A compact form that avoids mesh
separation (and is consistent with the radial discretization in ideal stability codes such as
ERATO [1) and TERPSICHORE [9)) is obtained by expanding vS, bS, jX, and jell in
piecewise linears and vX, veil, bX, bell, jS and p in piecewise constant trial functions. In
applying the Galerkin method to compute the matrix elements, we use piecewise linear
weighting functions in the s-component of Eqs. (3a,b) and (X, ep)-components of (3c)

308



Fusion Unit
EUROfusionG. Vlad MET mid-term Worshop 2020, March 23-25, 2020 16

Conclusions
• The benchmark exercise is “precious”: each participant can gain a lot of experience, and 

synergies among different teams is largely beneficial
• A common, shared environment (e.g., itmenv, imasenv) can speed-up a lot the exercise, 

avoiding differences in the input data, normalizations, definitions of constants, ...
• Main affinity & differences observed (up to now):

–HYMAGYC vs. MEGA (standard-MHD model):
omode observed looks to be the same (for both on-axis and off-axis cases)
oMEGA growth-rate for the on-axis case: RSAE mode is smaller, but has similar 

dependence (slope) vs. nH and TH=> more damping? (viscosity?)
–ORB5 (new “correct” equilibrium):

othe (single) mode observed, for the on-axis case, is similar to the subdominant 
mode observed by HYMAGYC and MEGA (external TAE) => new scaling with 
nH to be done
othe mode observed for the off-axis case is similar to HYMAGYC and MEGA 

standard-MHD
–MEGA using Hazeltine-Meiss MHD model gives quite different results
–scaling vs. TH: reasonable agreement among all codes (although the different ORB5 

mode observed in on-axis case...) 
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Conclusions
•Forthcoming work:

–Investigate observed differences in linear analysis
–Possibly analyze Energetic Particles resonances and phase-space 
characteristics (e.g., using Hamiltonian Mapping diagnostics)

–Extend the benchmark to non-linear regimes to study the mode 
saturation

–...

Thank you!
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MEGA description
Standard MHD equations

• In the MEGA code, the bulk plasma is described using
nonlinear MHD equations, and the energetic ions are
simulated with both the full-f and δ f particle method.

• The energetic ion contribution is included in the MHD
momentum equation [Eq. (2)] as the energetic ion
current density jh′ that includes the contributions from
parallel velocity, magnetic curvature and gradient
drifts, and magnetization current. The E � B drift
disappears in jh′ owing to quasi-neutrality. The
electromagnetic field is given by the standard MHD
description. The MHD equations are solved using a
fourth-order in the space and time finite-difference
scheme.

• The drift-kinetic description is employed for the
alpha particles in current simulations.

• Current MEGAMHD solver is also extended using an
extended MHD model given by Hazeltine and
Meiss.
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ORB5 description
•ORB51 is a global, nonlinear, gyrokinetic, electromagnetic, PIC code 
which can take into account collisions and sources. 
•The Vlasov-Maxwell gyrokinetic equations are derived through 
variational principles from a gyrokinetic Lagrangian. Field equations 
are derived via functional derivatives. 
•The distribution function is discretized through numerical particles 
(markers). The fields are discretized through cubic B-splines. 
•The gyrokinetic model of ORB5 contains the reduced MHD as subset2.

1E. Lanti et al., “ORB5: A global electromagnetic gyrokinetic code using the PIC 
approach in toroidal geometry”. In: Computer Physics Communications (2019). 
2Naoaki Miyato et al. “A Modification of the Guiding-Centre Fundamental 1-Form 
with Strong ExB Flow”. In: Journal of the Physical Society of Japan (2009). 
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Continuous frequency spectrum with the MARS and the FALCON code

• In order to gain insight the mode structures excited by energetic particles, we verify 
carefully the continuous frequency spectrum of the Shear Alfven wave (SAW) and ion 
sound wave (ISW) which are coupled.  

• To this aim we have used the MARS and the FALCON code. We show two plot for the 
AUG-NLED case (energetic particles peaked on axis and off axis) and one plot for ne  
DTT scenario.
ω/ωA0

s

MARS
FALCON

ω/ωA0on axis off axis


