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COSMIC RAYS - A SHORT INTRODUCTION

 We now measure with good accuracy the spectra of 
individual primary components (p, He, C, …) as well as 
secondary (Be, B, antiprotons, positrons, …) 

 The all-particle spectrum shows a marked knee at about 
2 PeV and a clear suppression at 1020 eV  

 At the knee there is also evidence for a transition from 
lighter to heavier nuclei 

 The generally accepted view is that CR remain Galactic in 
origin up to the so-called second knee (1017 eV) where 
extragalactic CR kick in 

 It is not yet clear whether the suppression at the end of 
the spectrum reflects an intrinsic maximum energy or 
rather photo disintegration of nuclei 
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A PLASMA VIEW OF COSMIC RAYS

Cosmic Rays are “Mostly” positively charged particles propagating around in a plasma “mostly” made of 
protons and electrons in approximately thermal equilibrium.  

 
This definition applies to both the acceleration regions and the interstellar space between sources   

In general, cosmic ray diffusion leads to establishing spatial gradients —> electric currents 

The background plasma reacts to the presence of cosmic rays by creating return currents, in order to retain 
charge neutrality and these are responsible for exciting instabilities under certain conditions 

This phenomenon is of crucial importance for both acceleration and propagation of cosmic rays
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A PLASMA VIEW OF COSMIC RAYS

 In the Galaxy a global gradient can be established between the disc (where the sources are) and 
a free escape boundary (halo), of order nCR/H 

 By the same token, a gradient can be established near sources on scales L such that the 
contribution of the source dominates upon the sea of CRs (gradient nCR/L) 

 If acceleration occurs at shocks, the upstream generates a precursor of size D(E)/ush 
correspondent to the distance that can be reached by accelerated particles. A gradient is 
established on such a distance 

 Finally, far from the shock in the upstream region there is a current of particles escaping the 
acceleration region, at the highest energies   
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its maximum growth is found at krL,0 ! 1. There may potentially be
many implications of this difference: the particle–wave interactions,
which are responsible for magnetic field amplification, also result
in particle scattering (diffusion). The diffusion properties for res-
onant and non-resonant interactions are, in general, different. The
case of resonant interactions has been studied in the literature (e.g.
Lagage & Cesarsky 1983a), at least for the situation δB/B " 1, but
the diffusion coefficient for non-resonant interactions (in either the
linear or the non-linear case) has not been calculated (see however
Zirakashvili & Ptuskin 2008). The difference in wavelengths be-
tween the two modes, in addition to different scattering proper-
ties, also suggests that the damping will occur through different
mechanisms.

The calculation of Bell (2004) has, however, raised some con-
cerns due to the following three aspects: (i) the background plasma
was treated in the MHD approximation, (ii) a specific choice was
made for the current established in the upstream plasma to com-
pensate for the cosmic ray (positive) current and (iii) the calcula-
tion was carried out in a reference frame at rest with the upstream
plasma, where stationarity is, in general, not realized (although for
small-scale perturbations, the approximation of stationarity may be
sometimes justified.).

In this paper, we derive the dispersion relation of the waves in a
purely kinetic approach and investigate different scenarios for the
microphysics that determine the compensating current. We show
that the fast-growing non-resonant mode appears when particle ac-
celeration is very efficient, but whether it dominates over the well-
known resonant interaction between particles and Alfvén modes
depends on the parameters that characterize the shock front, its
Mach number primarily.

Bell (2004) also investigated the development of the non-resonant
modes by using numerical MHD simulations. His results have been
recently confirmed by Zirakashvili, Ptuskin & Voelk (2008) with
a similar approach. Niemiec et al. (2008) made the first attempt to
investigate the development of the non-resonant modes by using
Particle in Cell (PIC) simulations. In this latter case, the authors
find that the non-resonant mode saturates at a much lower level than
found by Bell (2004). However, as briefly discussed in Section 5,
these simulations use a setup that makes them difficult to compare
directly with Bell’s results.

The paper is organized as follows. In Section 2, we derive the
dispersion relation of the unstable modes within a kinetic approach
and adopt two different scenarios for the compensation of the cos-
mic ray current, namely compensation due to the motion of the cold
electrons alone (Section 2.1), and to the relative drift of protons
and electrons (Section 2.2). In Section 3, we discuss the relative
importance of the resonant and non-resonant modes depending on
the physical parameters of the system; we also derive analytic ap-
proximations for the large (Section 3.1) and small (Section 3.2)
wavenumber limits. Finally in Section 4, we study the different
modes during the Sedov evolution of a ‘typical’ SNR and for dif-
ferent assumptions on the background magnetic field strength. We
conclude in Section 5.

Throughout the paper, we use the expressions accelerated parti-
cles and cosmic rays as referring to the same concept.

2 TH E K I N E T I C C A L C U L AT I O N

In this section, we describe our kinetic calculation of the linear
growth of waves excited by streaming cosmic rays upstream of a
shock. This type of analysis is not suited for the computation of the

saturation level of the instability, but it can be used to investigate
the type of modes that may possibly grow to non-linear levels.

In the following, all calculations refer to the shock location and
not to an arbitrary location in the plasma upstream of the shock. This
is to say that the minimum momentum of the particles considered
in our calculations is the injection momentum.

In the reference frame of the upstream plasma, the gas of cosmic
rays moving with the shock appears as an ensemble of the particles
streaming at super-Alfvénic speed. This situation is expected to
lead to streaming instability, as was indeed demonstrated in several
previous papers [see Krall & Trivelpiece (1973) for a technical
discussion].

In the reference frame of the shock, cosmic rays are approxi-
mately stationary and roughly isotropic. The upstream background
plasma moves with a velocity vs towards the shock and is made of
protons and electrons. The charge of cosmic rays, assumed to be
all protons (positive charges), is compensated by processes which
depend on the microphysics and need to be investigated accurately.

The x-axis, perpendicular to the shock surface, has been chosen
to go from upstream infinity (x = −∞) to downstream infinity (x =
+∞). Therefore, a cosine of the pitch angle µ = +1 corresponds
to the particles moving from upstream towards the shock.

The dispersion relation of waves in this composite plasma, in the
test-particle regime that we wish to investigate here, can be written
as (Krall & Trivelpiece 1973)
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where the index α runs over the particle species in the plasma, ω

is the wave frequency corresponding to the wavenumber k and $α

is the relativistic gyrofrequency of the particles of type α, which in
terms of the particle cyclotron frequency $∗

α and Lorentz factor γ

is $α = $∗
α/γ . For the background plasma and for any population

of cold electrons, one has $α ≈ $∗
α .

The positive electric charge of the accelerated cosmic rays, as-
sumed here to be all protons, with total number density NCR, must
be compensated by a suitable number of electrons in the upstream
plasma. In the following sections, we discuss two different ways of
compensating the cosmic ray current and charge. In the first calcu-
lation, we assume that there is a population of cold electrons which
is at rest in the shock frame and drifts together with the cosmic
rays. These electrons exactly cancel the positive charge of cosmic
rays. This approach is similar to that of Zweibel (1979, 2003) and
resembles more closely the assumptions of the MHD approach of
Bell (2004). In the second calculation, we assume that the current
of cosmic ray protons is compensated by the background electrons
and protons flowing at different speeds. This approach is similar to
that of Achterberg (1983).

2.1 Model A: cold electrons

Let ni and ne be the number density of ions (protons) and electrons
in the background plasma upstream of the shock. In this section, we
consider the case in which a population of cold electrons with den-
sity ncold streams together with cosmic rays and compensates their
charge. Therefore, ne = ni and ncold = NCR. In terms of distribution
functions, the four components can be described as follows:

fi(p,µ) = ni

2πp2
δ(p − mivs)δ(µ − 1), (2)
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α = thermal protons, thermal electrons, CR

+ Maxwell Equations connecting the EM fields to the source term (charge density  

and currents)

Perturbation of these equations leads to the well known dispersion relation:

On typical time scales of transport, collisions are unimportant, hence:
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STREAMING INSTABILITIES

Streaming instability at supernova shocks 1595

where α = NCR
ni

kvs"
∗
i . It is useful to express α as a function of the

acceleration efficiency of the shock. The total pressure in the form
of accelerated particles is

Pc = 1
3
NCR

∫ pmax

p0

dpp3v(p)g(p) ≈ 1
3
NCRcp0 ln

(
pmax

mic

)
. (30)

The second part of this expression is a consequence of the fact that
for spectra harder than p−5 and not harder than p−4, which are of
interest here, the pressure is mainly contributed by relativistic par-
ticles with p ∼ mic. In case of cosmic-ray-modified shocks, spectra
can become mildly harder than p−4, but this is not expected to af-
fect our conclusion in a dramatic way, since it only introduces a
weak dependence on pmax. Moreover, in case of strongly modified
shocks, the major complication does not come from the spectrum
of accelerated particles, but rather from the fact that the upstream
plasma develops a precursor, namely a gradient in the fluid velocity
that makes the standard treatment illustrated here formally not ap-
plicable. On the other hand, as pointed out several times throughout
the paper, the magnetic reaction of the shock acts in the direction
of smoothening the precursor, so that although formally the math-
ematical treatment illustrated here is not applicable, in practice it
should provide a good description of the physical processes at work.

If we define η = Pc/(ni mi v2
s ) as the acceleration efficiency, we

can write

α = 3η
1
R

v3
s

c

k

rL,0
= σ

k

rL,0
, (31)

where R = ln( pmax
mic

) and rL,0 = p0c/eB0 is the Larmor radius of
the particles with momentum p0 in the background magnetic field
B0. We have also introduced σ = 3η 1

R

v3
s
c

. A resonant mode can be
obtained from equation (28) with both signs of the polarization. On
the other hand, the non-resonant mode appears only when the lower
sign is chosen.

We note that the following relation holds

σ

v2
A

= NCR

ni

p0

mic

vSc

v2
A

= 4π

c
J

rL,0

B0
, (32)

Figure 1. We plot the real and imaginary parts of the frequency as a function of wavenumber for the resonant and non-resonant modes. Wavenumbers are
in units of 1/rL,0, while frequencies are in units of v2

S/(crL,0). Top panel refers to the non-resonant branch, while lower panel is for the resonant branch. In
each panel, the solid (dashed) curve represents the real (imaginary) part of the frequency. The values of the parameters are as follows: vS = 109 cm s−1, B0 =
1 µG, ni = 1 cm−3, η = 0.1 and pmax = 105mpc.

where J = e NCR vS. This means that the system is strongly current
driven when σ

v2
A

% 1.

Therefore, the parameter σ/v2
A controls the growth rate of the

non-resonant mode: when σ/v2
A % 1, the non-resonant mode is

almost purely growing and its growth is very fast. When σ/v2
A

& 1, the non-resonant mode is subdominant and a resonant mode
is obtained, asymptotically identical to that corresponding to the
left-hand-polarized waves (upper sign in equation 28).

In the following, we often refer to the mode arising with the
lower sign of the polarization as the non-resonant mode, although
one should keep in mind that its peak growth rate reduces to that of
the standard resonant mode in the limit σ/v2

A & 1.
In Fig. 1, we plot the solution of the dispersion relation in a

case for which σ/v2
A % 1. The values of the parameters are vS =

109 cm s−1, B0 = 1 µ G, ni = 1 cm−3, η = 0.1 and pmax = 105 mpc.
The frequency (y-axis) has been normalized to the advection time
for a fluid element upstream of the shock through the characteristic
distance crL,0/vS, namely crL,0/v

2
S . It is worth stressing, however,

that this is a good estimate of the diffusion time-scale only in the
case of Bohm diffusion, when the diffusion coefficient is D(p) ≈ rL,0

c and the diffusion time-scale is D(p)/vS ≈ crL,0/v
2
S. The plots in

the upper (lower) panel in Fig. 1 are obtained by choosing the lower
(upper) sign of the polarization in the dispersion relation (equa-
tions 28 and 29).

First, let us comment on the consistency of our derivation of the
dispersion relation. It is easy to check, from Fig. 1, that these are
indeed low-frequency modes. More specifically, they satisfy both
assumptions underlying our calculation: ω̃ & kvS and ω̃ & "i.
Moreover, the non-resonant mode (lower sign of the polarization
in the dispersion relation) is characterized by an imaginary part
that is much larger than its oscillatory part for a very large range
of wavenumbers. In this same range of k, for our choice of the
parameters, its growth is much faster than for the resonant branch.

Further insight in the behaviour of the different wave modes can
be gained by investigating the limits of the dispersion relation for
the regimes krL,0 & 1 and krL,0 % 1. Based on these asymptotic
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Left-handed

Right-handed

wavenumber k resonant with the  
gyration of particles in the CR current

 The LH modes represent weakly modified Alfven 
modes with an imaginary part that peaks at 
wavelength = Larmor radius of the particles 

 The RH modes (Bell 2004) grow the fastest at kmax 

rL>>1 and are quasi-purely growing (Im(ω)>>Re(ω)) 

 By their very nature these latter modes are non-
resonant and can in fact be obtained also in a 
treatment in which the background plasma is 
treated as MHD 

 These modes are excited only if the current is 
strong enough 
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Basics of diffusive shock acceleration
UPSTREAM       	              DOWNSTREAM

U1	           U2

-∞                        0-    0+                        +∞

Advection      Compression                Diffusion

FOR A PLANE PARALLEL SHOCK: 

Acceleration due to the irreducible induced electric field across the shock 
front 

Estimate of the acceleration time:

<latexit sha1_base64="cf2Y97BzJgGgVooED9tCbR9ke6Q="></latexit>

⌧acc(E) ' D(E)

v2s
/ E

Bv2s

Acceleration to high E requires large vs and/or large B
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Modern Theory of DSA in SNRs

Dynamical React ion of the 
Accelerated Particles on the 
Accelerator

Production of magnetic field 
perturbations by excitation of 
plasma instabilities mediated by 
cosmic rays

These theories aim at a description of the interplay between accelerated particles and the 
accelerator itself — the theory becomes non-linear and often untreatable analytically, but Physics is 
clear

Spectrum of Accelerated Particles 

and Maximum energy
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Dynamical Reaction of Cosmic Rays
VELOCITY 
PROFILE

1 20

ShockFar  
Upstream

• Compression factor becomes a function of energy  

• Spectra are not perfect power laws (concavity) 

• Gas behind the shock is cooler because part of the 
energy has been used to energise CR
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Dynamical Reaction of Cosmic Rays
VELOCITY 
PROFILE

1 20

ShockFar  
Upstream

Malkov 2001, PB 2002, PB, Gabici & Vannoni 2005,…

• Compression factor becomes a function of energy  

• Spectra are not perfect power laws (concavity) 

• Gas behind the shock is cooler because part of the 
energy has been used to energise CR
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Dynamical Reaction of Cosmic Rays
The Astrophysical Journal, 783:91 (17pp), 2014 March 10 Caprioli & Spitkovsky
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Figure 10. Top panel: ion px distribution, as a function of position, for a parallel shock with M = 20. The upstream beam of cold ions is converted into a hot
Maxwellian distribution at the shock, around x = 5000c/ωp . Bottom panel: ion distribution in px for the three upstream locations in the top panel. The initial flow
has vbulk = vsh = −20vA and thermal spread vth = va . When approaching the shock, the upstream fluid is slowed down because of the CR pressure, and heated up
because of both adiabatic and turbulent heating.
(A color version of this figure is available in the online journal.)

efficiency by using mass and momentum conservation only. We
have already shown how the presence of a CR-induced shock
precursor leads to a weaker subshock, the compression ratio of
which reads

rsub = (γ + 1)M̃2
1

(γ − 1)M̃2
1 + 2

. (8)

Here M̃1 is the sonic Mach number immediately upstream of
the shock, with the fluid speed calculated in the shock reference
frame. M̃ is related to Ms through the implicit relation in
Equation (1). The stationary momentum conservation including
gas and CR pressure reads

ρ0ũ
2
0 + Pg,0 + Pcr,0 = ρ1ũ

2
1 + Pg,1 + Pcr,1, (9)

where 0 and 1 correspond to quantities measured at upstream
infinity and immediately in front of the subshock, and the
subscripts g and cr refer to thermal gas and CRs, respectively.
For simplicity, we have neglected the magnetic field pressure in
Equations (8) and (9), but it is straightforward to include such
a contribution in the calculation of the actual jump conditions
(see Caprioli et al. 2009).

We assume Pcr,0 = 0, and normalize all the quantities to the
ram pressure ρ0ũ

2
0, also introducing Ξ = Pcr,1/ρ0ũ

2
0, so that

Equation (9) can be rewritten as

1 +
1

γ M̃2
0

= rsub

rtot

[

1 +
1

γ M̃2
1

]

+ Ξ . (10)

For strong shocks M̃2
0 " 1, hence the total compression ratio

simply reads

rtot # rsub
1 + 1/

(
γ M̃2

1

)

1 − Ξ
. (11)

For the shock shown in Figure 10, one infers Ξ ≈ 0.12 and
Ms,1 ≈ 5.7, which corresponds to M̃1 ≈ 5.6 (Equation (1)).
Plugging these values in Equations (8) and (11) returns rsub ≈
3.65 and finally rtot ≈ 4.23, in good agreement with the output
of the simulation.

Figure 11 shows the density profiles for M = 30 shocks
with different inclinations: total compression ratios are typically
around 4.2–4.4 for quasi-parallel shocks, where the acceleration
efficiency is about 10% or larger, while they are systematically
lower for inefficient, quasi-perpendicular shocks. The determi-
nation of the actual value of rsub is more complicated because
of the shock broadening induced by the filamentation instabil-
ity; in any case, the stationary calculation outlined above, while
providing an estimate of the asymptotic shock dynamics, is not
adequate to describe the subshock structure, which is intrinsi-
cally time-dependent in the simulation reference frame (see also
in Figure 11 the density spike present at quasi-perpendicular
shocks).

CR-induced precursors and modified jump-conditions may
also produce spectral features, since ions with different energies
may in principle probe different compression ratios in their
diffusive motion. However, in the presented simulations, it is
difficult to quantify this effect for low-energy particles, which

12

Caprioli & Spitkovsky 2014

The Astrophysical Journal, 783:91 (17pp), 2014 March 10 Caprioli & Spitkovsky

Figure 1. Downstream ion energy spectrum at different times, as in the legend. It is possible to note the thermal distribution, well fitted by a Maxwellian with
temperature about 80% the one expected for Mach number 20 shock that does not accelerate particles (dashed line), and a non-thermal power-law tail extending to
larger energies at later times. The spectrum is plotted multiplied by E1.5, to emphasize the agreement with the energy scaling predicted by DSA, which reads p−4 in
momentum (see the inset and Equation (3)).
(A color version of this figure is available in the online journal.)

throughout the paper we indicate the shock strength simply
with M = MA ≈ Ms . The reader may refer to, e.g., Giacalone
et al. (1997) for a survey of hybrid simulations of non-relativistic
shocks with different sonic and Alfvénic Mach numbers.

The computational box measures (Lx,Ly) = (105, 102)
[c/ωp]2, with two cells per ion skin depth and 4 (macro)particles
per cell; the time-step is chosen as ∆t = 5 × 10−3ω−1

c . The
shock evolution is followed for many ion cyclotron times, until
t = 2500ω−1

c .
The shock is produced by sending a supersonic flow against a

reflecting wall (left side in figures); the interaction between
the initial stream and the reflected one produces a sharp
discontinuity, which propagates to the right in the figures. As
a consequence, in the simulation the downstream fluid is at
rest, and the kinetic energy of the upstream flow is converted
into thermal energy at the shock front. It is worth mentioning
that—in the literature—the shock Mach number is often quoted
as measured in the shock reference frame, here indicated as M̃ ,
which is related to M through the implicit relation

M̃ = M

[
1 +

1

r(M̃)

]
, r = (γ + 1)M̃2

(γ − 1)M̃2 + 2
(1)

namely, M̃ = 5/4M for a strong shock with r = 4.
The downstream ion energy distribution is shown in Figure 1,

as a function of time; we can identify three main spectral
regimes. At low energies, we have a thermal distribution, well-
fitted with a Maxwellian (dashed line), the temperature of
which—at late times—is ∼20% lower than the temperature one
would predict for a strong shock without CRs. The main reason
for this reduced heating of the downstream plasma is that about
20% of the energy flux is channeled into non-thermal particles
(also see Section 6 for more details on how CRs modify the
global shock dynamics).

Always at late times, we see that the ion spectrum goes as
E−1.5 for E ! 3Esh, where we introduced

Esh = 1
2
mv2

sh = 1
2
mM2v2

A. (2)

Such a power-law is in remarkable agreement with the DSA
prediction for strong shocks for non-relativistic particles, as
we now discuss. In a nutshell, the DSA mechanism relies on
the fact that particles diffusing back and forth across the shock
repeatedly gain energy because of first-order Fermi acceleration
(Fermi 1954). The spectrum of the accelerated particles does
not depend on the details of the scattering, but only on the
density jump between upstream and downstream, r. For M % 1
the shock compression ratio is r & 4, and the spectrum of
accelerated ions is predicted to be ∝ p−q in momentum space,
with q = 3r/(r − 1) & 4.

The energy distribution f (E) can be calculated as

4πp2f (p)dp = f (E)dE → f (E) = 4πp2f (p)
dp
dE

. (3)

In the non-relativistic regime E = p2/2m, so that (dp/dE) ∝
1/p ∝ E−1/2 and f (E) ∝ E−1.5; in the relativistic limit,
instead, E ∝ p and f (E) ∝ E−2.

In spite of the fact that simulations of non-relativistic col-
lisionless shocks have been performed for many years (see
Section 1), this is the first time—to our knowledge—that the
DSA prediction for strong shocks has been convincingly recov-
ered in self-consistent simulations. Previous simulations, while
indeed showing evidence of supra-thermal ions and, occasion-
ally, of power-law distributions, have never been run for long
enough, and in sufficiently large computational boxes, to un-
equivocally see ions accelerated through DSA over almost three
decades in energy (Figure 1). Moreover, in this work we account
for Mach numbers as large as 50, while most of the previous
work has been done for shocks with M " 10; in such a regime
the magnetosonic Mach number is vsh/

√
c2
s + v2

A " 7, implying
r < 4 and, in turn, q > 4.

dHybrid is a non-relativistic code, and cannot directly test
the E−2 regime. However, the p−4 dependence is common to
both relativistic and non-relativistic particles; therefore, it is
reasonable to expect that the obtained momentum spectrum may
really be universal.

By looking at the time evolution of the non-thermal ion
distribution in Figure 1, one notes that the spectral slope remains

3

Hybrid simulations now confirm that the shock is modified by 
the accelerated particles…  
They also confirm that some level of heating occurs also 
upstream, resulting in lower Mach number and a reduced 
curvature 
As a result: spectra close to power laws and efficiency of order 
10%

Heating

Slow down
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Magnetic Field Amplification (MFA)

RESONANT STREAMING 
INSTABILITY

NON RESONANT HYBRID 
STREAMING INSTABILITY

ACOUSTIC INSTABILITY AND 
TURBULENT AMPLIFICATION

Kulsrud & Pearce 1969, Bell 1978,  
Lagage & Cesarsky 1982 Bell 2004, Amato & PB 2009 Drury & Falle 1986, Berezniak, Jones & Lazarian 2012

The single most important non linear effect that makes DSA interesting if the turbulent amplification of magnetic fields 
induced by the accelerated particles 

The necessary condition for the process to be important for acceleration is that enough power is created in magnetic fields 
on the scale of the gyration radius of the particles you want to accelerate 

The fields are needed to explain the narrow X-ray filaments in virtually all young SNR and to account for the maximum 
energy 

The main channels that have been investigated, both analytically and numerically, are:





MFA THROUGH RESONANT STREAMING INSTABILITY

This is a phenomenon of the utmost importance for both Galactic CR transport and particle acceleration at shocks…  

It requires that you have particles drifting at vD>vA — in the case of DSA vD~vshock>>vA

A small perturbation δB grows exponentially with a growth rate that can be easily estimated as:
<latexit sha1_base64="wIx+nOZH34IoGtqU5abKBYF7FS8="></latexit>

�res(k) =
nCR(> E)

ni

vshock
vA

⌦cyc =
⇠CR

⇤
MA

⇣vshock
c

⌘2 c

rL(E)

Assuming a spectrum E-2

Alfvenic Mach 
number of the 
Shock

…and the instability grows on scales k~1/rL(E) —— Once δB becomes of order B0 (pre-existing field) the process stops!

Imposing that the acceleration time equals the beginning of Sedov-Taylor: 

Lagage & Cesarsky 1982

In general the instability is quenched by ion-neutral damping or non linear Landau damping depending on 
environment, at earlier times…
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SOME USEFUL CONSIDERATIONS

Adopting Quasi-Linear Theory as a benchmark, one can write the diffusion coefficient as: 

In the presence of resonant streaming instability, F(k)= constant if the spectrum of accelerated particles is 
~E-2, so that diffusion is linear in E (Bohm diffusion)

If one requires that Emax=1 PeV it is easy to infer that: 

…namely for a SNR to be a PeVatron, one cannot be in the regime of resonant streaming instability! 
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THE BELL INSTABILITY  
[a.k.a. Non resonant Hybrid Instability]

This instability was discovered in 2004 by T. Bell and attracted immediately much attention, for several 
reasons: 
1) Under certain conditions (see below) it grows much faster than the RSI discussed earlier 
2) The level of δB reached seems to compare well with those inferred from thickness of X-ray filaments  
3) It is potentially capable to allow acceleration to larger energies 

Reasons of concern… 
a) it develops on very small scales compared with the Larmor radius — in the beginning no scattering 
b) it grows the “wrong” polarisation in the linear regime… again, in the beginning no scattering
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THE BELL INSTABILITY  
[a.k.a. Non Resonant Hybrid Instability]

Shock front
Protons of given energy upstream of the shock represent a current JCR=nCR(>E) e vshock 

The background plasma cancels the CR positive current with a return current created by a 
slight relative motion between thermal electrons and protons, thereby creating a two 
stream instability that grows the fastest on scales 𝒍~1/kmax where

The growth occurs at a rate that can be approximated as:

The condition for this instability to develop is that kmax>1/rL(E), which is equivalent to requiring that: 

for E-2 spectrum

Only works in very young 
SNR with large Alfvenic 
Mach number
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SATURATION AND MAXIMUM ENERGY IN SNR

Shock front

Current of  
      escaping particles

The current of escaping particles acts as a force on the background plasma in the 
direction perpendicular to both the current and the amplified field:

⇢
dv

dt
⇠ 1

c
JCR�B �x ⇠ JCR

c⇢

�B(0)

�2
max

exp(�maxt)

The current is weakly disturbed until the transverse displacement becomes of 
order the Larmor radius in the amplified field…this condition leads to the following 
saturation condition: 

                                                                                         independent on scale (Bohm Diff) 

The maximum energy at time T is estimated by requiring that the growth time of the instability equals ~T/5 
(5 e-folds) - this condition dominates upon the condition on acceleration time:

The time dependence of Rshock and vshock is 
different depending on the type of SNR
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MAXIMUM ENERGY OF CR IN SNRFigure 1: Density upstream of the expanding SNR shock (thick) and shock velocity (thin)
as a function of time, for type Ia (solid blue), II (dotted red) and II⇤ (dot–dashed green)
progenitors of Tab. 1, assuming ⇠ = 0.1. The vertical lines indicate the beginning of the ST
phase for each case.
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Figure 2: Time evolution of the maximum momentum of accelerated protons for type Ia (solid
blue), II (dotted red) and II⇤ (dot–dashed green) progenitors of Tab. 1, assuming ⇠ = 0.1.
The vertical lines indicate the beginning of the ST phase for each case.
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CR accelerated at SNR are liberated in two stages:  
1) particles leave the remnant at each time t with energy Emax(t) 

2) the particles trapped downstream (lower E) lose energy adiabatically and escape at the end 
of the SNR life 

3) The time integrated spectrum drops at an effective Emax that is the maximum energy 
reached at the beginning of Sedov 

4) The cut is NOT exponential, it’s a power law reflecting time dependence in the ejecta 
dominated phaseP. Cristofari, P. Blasi and D. Caprioli: Cosmic ray protons and electrons from supernova remnants

would typically assume to exist. In particular, some rather ef-
ficient mechanism for magnetic field amplification should come
into e↵ect for late, slow moving shocks. A dedicated e↵ort to
investigate these stages is definitely needed.

On the other hand, if to take the results of our investigation at
face value, then the spectral shape of electrons and protons liber-
ated into the ISM by an individual SNR should be very similar,
hence it would follow that the observed di↵erence should be at-
tributed to phenomena occurring after the particles have been re-
leased into the ISM. If the di↵usion coe�cient describing trans-
port in the Galaxy is the same for the two species, as one should
expect, the only possibility left open is that electrons and pro-
tons may develop di↵erent spectral shapes while propagating in
the neighbourhood of the source, due to the large perturbations
induced by the escaping particles (Schroer et al. 2020). This pos-
sibility is currently being investigated.
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On the other hand, if to take the results of our investigation at
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ated into the ISM by an individual SNR should be very similar,
hence it would follow that the observed di↵erence should be at-
tributed to phenomena occurring after the particles have been re-
leased into the ISM. If the di↵usion coe�cient describing trans-
port in the Galaxy is the same for the two species, as one should
expect, the only possibility left open is that electrons and pro-
tons may develop di↵erent spectral shapes while propagating in
the neighbourhood of the source, due to the large perturbations
induced by the escaping particles (Schroer et al. 2020). This pos-
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Fig. 2. Spectra of protons produced at SNRs from type Ia (left), type II
(center) and type II* (right) SNRs for ↵ = 4 (thick lines) and ↵ = 4.3
(thin lines) if they were instantaneously liberated into the ISM (broken
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cape flux from upstream. In the bottom part of each panel we also show
the local slope of the spectrum q(p) at given momentum.
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would typically assume to exist. In particular, some rather ef-
ficient mechanism for magnetic field amplification should come
into e↵ect for late, slow moving shocks. A dedicated e↵ort to
investigate these stages is definitely needed.

On the other hand, if to take the results of our investigation at
face value, then the spectral shape of electrons and protons liber-
ated into the ISM by an individual SNR should be very similar,
hence it would follow that the observed di↵erence should be at-
tributed to phenomena occurring after the particles have been re-
leased into the ISM. If the di↵usion coe�cient describing trans-
port in the Galaxy is the same for the two species, as one should
expect, the only possibility left open is that electrons and pro-
tons may develop di↵erent spectral shapes while propagating in
the neighbourhood of the source, due to the large perturbations
induced by the escaping particles (Schroer et al. 2020). This pos-
sibility is currently being investigated.
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Fig. 2. Spectra of protons produced at SNRs from type Ia (left), type II
(center) and type II* (right) SNRs for ↵ = 4 (thick lines) and ↵ = 4.3
(thin lines) if they were instantaneously liberated into the ISM (broken
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the local slope of the spectrum q(p) at given momentum.
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ROLE OF CR INDUCED INSTABILITIES DURING TRANSPORT

Excitation of Resonant and 
non-Resonant Instability 

around sources

Excitation of instabilities 
during Galactic transport

 The global gradient (current) of Galactic CR can be estimated 
from observations 

 The resonant instability grows on time scales of order 103 years 
for GeV particles (No non-resonant SI) 

 The growth is mainly limited by NLLD 

 The effect stops at <TeV where other processes must kick in 

 Recent insights from hybrid simulations into NLLD put this into 
a new framework 

 The gradients can be expected to be much larger near sources 

 For middle age supernova remnants, the escaping cosmic rays with 
E<TeV can be confined near sources for long times  

 For young supernovae the current can be strong enough to excite 
the non-resonant instability  

 The confined cosmic rays accumulate substantial overpressure and 
can excavate cavities in the surrounding medium by exerting -∇P 
force



THE ROLE OF NLLD IN REGULATING STREAMING INSTABILITIES 
- Classical picture -

 In the absence of any damping process, SI leads to a reduction of a super-Alfvenic drift 
velocity because particles start scattering  

 As a result the process leads to a situation in which the drift becomes Alfvenic (namely the 
particles are now isotropic in the reference frame of the Alfven waves) 

 In the presence of damping, wave growth continues until damping kicks in and the growth 
stops, hence the drift remain super-Alfvenic at saturation of the instability: 

<latexit sha1_base64="kaG6+qLwX9D4Ro546IxafgSWj8c=">AAACFnicbVDLSgMxFM3UV62v+ti5CRahLiwzItWNUKigQpH66APaWjJppg1NZoYkI5ShX+HGX3HjQhG34s6/MZ2poK0HAodz7uXmHNtnVCrT/DISM7Nz8wvJxdTS8srqWnp9oyq9QGBSwR7zRN1GkjDqkoqiipG6LwjiNiM1u18c+bV7IiT13Fs18EmLo65LHYqR0lI7vd88Q5yjdli8Ht6FNxdDmO3vwRP4I1+WSqex1lQebKczZs6MAKeJNSaZwpYTodxOfzY7Hg44cRVmSMqGZfqqFSKhKGZkmGoGkvgI91GXNDR1ESeyFUaxhnBXKx3oeEI/V8FI/b0RIi7lgNt6kiPVk5PeSPzPawTKOW6F1PUDRVwcH3ICBnXCUUewQwXBig00QVhQ/VeIe0ggrHSTKV2CNRl5mlQPclY+l7/SbRyCGEmwDXZAFljgCBTAOSiDCsDgATyBF/BqPBrPxpvxHo8mjPHOJvgD4+MbFT6frw==</latexit>

�SI
CR(k) = �NLLD(k) ! Equilibrium Spectrum of perturbations  

as a function of k and hence diffusion coefficient
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FIG. 1. Bottom panel: Box averaged CR drift velocity as
a function of time. Top panel: Magnetic field on all scales
smaller than rL (orange), larger than rL (green) and total
perpendicular (blue) as a function of time. Time is in units
of ωmax. Dashed lines indicate the transition of di!erent evo-
lutionary stages.

when looking at the top panel of Fig. 1.
In Stage III, the magnetic field contained on all scales

that are able to resonantly scatter CRs plateaus and then
slightly damps away, despite vD > vA. After t → 60 ω→1

max,
the total field and the drift speed reach a plateau indi-
cating the final phase of saturation (Stage IV).

B. Non-Linear Landau Damping

To understand the increasing drift speed observed in
Stage III, it is instructive to first determine the rea-
son why the power on resonant scales saturates. Fig. 2
shows the background ion distribution function at three
di!erent times. At momenta around px = mvA, the
whole distribution flattens which is a clear signature
of NLLD. As illustrated, the feature is already present
around t → 7 ω→1

max, meaning that damping started to
transfer energy from waves to the plasma before that,
but remains too weak to compensate the growth due to
CR streaming during Stage II. However, as the field con-
tinues to grow, damping can eventually saturate the field
at di!erent scales, setting the beginning of Stage III.

Naively we would expect fields to grow only on scales
that can be resonant with the driving particles. This
expectation holds true initially, as can be seen from the
power spectra of right- and left-handed waves in Fig. 3
and the large-scale fields being flat in Fig. 1. However,
once NLLD starts to operate, it is evident that the field
starts growing on scales that are not in resonance with
any of the particles. Furthermore, contrary to common
approximations [15, 21, 33, 34], we confirm that small
scales are damped by all the power contained on larger
scales. This renders the damping rate maximal at small
scales and gradually decreasing with k, compatible with
earlier predictions [35]; more precisely, the power at small

FIG. 2. Background ion distribution function as a function of
px at three di!erent times, showing a flattening at px = mvA
as a signature of NLLD.

scales saturates first and starts partially damping away
during Stage III (see Fig. 3). One subtle point is that the
magnetic field on large scales keeps growing throughout
Stage III. Hence, it is far from trivial that the damping
rate exactly compensates the growth, and the resonant
field is not entirely damped away. Since the growth rate
in our simulation changes due to scattering, it is impossi-
ble to determine the exact functional form of the damp-
ing rate and whether non-linear e!ects, such as particle
trapping [35], modify the predictions of linear analyses.
Despite these issues, that deserve further investigation,
there is enough evidence that NLLD is at work in our
simulation and that it plays an important role to limit
the growth of the waves. Overall, it is clear that magnetic
power is transferred from small scales to large scales.

Interestingly, this inverse cascade is a feature of NLLD
that was discussed in the early literature on this topic
[9], although it only occurs when two circularly polarized
waves of the same polarization interact and to our knowl-
edge has never been shown in hybrid simulations of the
resonant streaming instability. Typically, the resonant
streaming instability creates linearly polarized waves, so
naively this e!ect should be absent. However, there
is a small anisotropy of left- to right-handed modes of
the order of vD/c, since there are more particles with
positive pitch angle than with negative one. In Fig. 3,
one can see that initially the two helicities grow almost
identical, i.e., the field is linearly polarized. However,
the small anisotropy is su”cient to halt the growth of
the right-handed modes and render the final spectrum
partially circularly polarized. This kickstarts an inverse
cascade that becomes e”cient enough to remove power
from small scales and relocate it to scales larger than the
CR gyroradius. As a result, opposite to what is always
assumed, the energy given by CRs to the fields is not
entirely dumped into heating the background gas, but
rather it is partially transferred to large-scale modes for
which damping is ine”cient. In terms of CR scattering,

3

FIG. 1. Bottom panel: Box averaged CR drift velocity as
a function of time. Top panel: Magnetic field on all scales
smaller than rL (orange), larger than rL (green) and total
perpendicular (blue) as a function of time. Time is in units
of ωmax. Dashed lines indicate the transition of di!erent evo-
lutionary stages.

when looking at the top panel of Fig. 1.
In Stage III, the magnetic field contained on all scales

that are able to resonantly scatter CRs plateaus and then
slightly damps away, despite vD > vA. After t → 60 ω→1

max,
the total field and the drift speed reach a plateau indi-
cating the final phase of saturation (Stage IV).

B. Non-Linear Landau Damping

To understand the increasing drift speed observed in
Stage III, it is instructive to first determine the rea-
son why the power on resonant scales saturates. Fig. 2
shows the background ion distribution function at three
di!erent times. At momenta around px = mvA, the
whole distribution flattens which is a clear signature
of NLLD. As illustrated, the feature is already present
around t → 7 ω→1

max, meaning that damping started to
transfer energy from waves to the plasma before that,
but remains too weak to compensate the growth due to
CR streaming during Stage II. However, as the field con-
tinues to grow, damping can eventually saturate the field
at di!erent scales, setting the beginning of Stage III.

Naively we would expect fields to grow only on scales
that can be resonant with the driving particles. This
expectation holds true initially, as can be seen from the
power spectra of right- and left-handed waves in Fig. 3
and the large-scale fields being flat in Fig. 1. However,
once NLLD starts to operate, it is evident that the field
starts growing on scales that are not in resonance with
any of the particles. Furthermore, contrary to common
approximations [15, 21, 33, 34], we confirm that small
scales are damped by all the power contained on larger
scales. This renders the damping rate maximal at small
scales and gradually decreasing with k, compatible with
earlier predictions [35]; more precisely, the power at small

FIG. 2. Background ion distribution function as a function of
px at three di!erent times, showing a flattening at px = mvA
as a signature of NLLD.

scales saturates first and starts partially damping away
during Stage III (see Fig. 3). One subtle point is that the
magnetic field on large scales keeps growing throughout
Stage III. Hence, it is far from trivial that the damping
rate exactly compensates the growth, and the resonant
field is not entirely damped away. Since the growth rate
in our simulation changes due to scattering, it is impossi-
ble to determine the exact functional form of the damp-
ing rate and whether non-linear e!ects, such as particle
trapping [35], modify the predictions of linear analyses.
Despite these issues, that deserve further investigation,
there is enough evidence that NLLD is at work in our
simulation and that it plays an important role to limit
the growth of the waves. Overall, it is clear that magnetic
power is transferred from small scales to large scales.

Interestingly, this inverse cascade is a feature of NLLD
that was discussed in the early literature on this topic
[9], although it only occurs when two circularly polarized
waves of the same polarization interact and to our knowl-
edge has never been shown in hybrid simulations of the
resonant streaming instability. Typically, the resonant
streaming instability creates linearly polarized waves, so
naively this e!ect should be absent. However, there
is a small anisotropy of left- to right-handed modes of
the order of vD/c, since there are more particles with
positive pitch angle than with negative one. In Fig. 3,
one can see that initially the two helicities grow almost
identical, i.e., the field is linearly polarized. However,
the small anisotropy is su”cient to halt the growth of
the right-handed modes and render the final spectrum
partially circularly polarized. This kickstarts an inverse
cascade that becomes e”cient enough to remove power
from small scales and relocate it to scales larger than the
CR gyroradius. As a result, opposite to what is always
assumed, the energy given by CRs to the fields is not
entirely dumped into heating the background gas, but
rather it is partially transferred to large-scale modes for
which damping is ine”cient. In terms of CR scattering,
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this opens the possibility for low energy CRs to influence
the transport properties of higher-energy particles, with
potentially profound implications for our description of
CR transport. We defer to a future paper the study of
this e!ect.

C. Drift Velocity

The removal of power from small scales is reflected in
the drift speed because it e!ectively worsens the so-called
90→-scattering problem, meaning that particles cannot
cross the pitch angle barrier at µ = 0 and do not manage
to isotropize. Overall, the increase in vD can then be
understood as the pitch angle barrier becoming increas-
ingly di”cult to cross due to damping removing power
from small scales. We can estimate the mean free path of
a particle with a given µ = 1

krL
by calculating the prod-

uct of its velocity along x and the quasi-linear theory
scattering time resulting in

ω =
µc

#

2B2
0

εkϑB(k)2
. (1)

The particles e”ciently scatter if ω is smaller than the
box size L which means we need a magnetic field at the
scale resonant with a given µ of → 10↑3. From Fig. 3,
it is clear that during Stage II the field at small scales
grows su”ciently large to ensure pitch angle scattering
over a large range of values of µ. However, at late times it
gets damped away below this threshold which is why the
drift speed starts to increase, as the pitch angle barrier
becomes e!ectively too large to cross.

After the removal of power on small scales, the in-
crease in drift speed slows down and approaches a new
equilibrium value vD → 3.7 vA, given by di!usion in the
almost constant magnetic fields at the resonant scales.
However, the power in large-scale fields is unexpectedly
still increasing during that stage and even surpasses the
power on resonant scales around t → 50 ϖ↑1

max.
Since waves are allowed to leave the box, we expect

that an Alfvén wave leaves the box at most after a time
L/vA → 26 ϖ↑1

max. On the other hand, the energy transfer
of CRs to magnetic fields and subsequent redistribution
as heat and large-scale fields is a highly non-linear phe-
nomenon depending on the fields at resonant scales and
the CR drift speed among other parameters. As such,
saturation in our box can only be achieved with a delay
with respect to all these other processes, a delay that
can be estimated as roughly one crossing time. Thus, we
expect the green line to flatten with a delay of 26 ϖ↑1

max
with respect to the drift speed and the peak of the or-
ange line which would be around t → 56 ϖ↑1

max. Indeed,
the growth halts around t → 60 ϖ↑1

max initiating Stage IV
and a steady state is reached throughout our box.

At this point, the inverse cascade ends due to the waves
leaving the box. In a closed periodic box, where waves
cannot leave the box and are recycled on the other side,

FIG. 3. Power spectra of the magnetic field ωBy → iωBzat dif-
ferent k for left-handed (top panel) and right-handed (bottom
panel) modes, respectively. Small-scale power is transferred
to large scales, indicating an inverse cascade.

saturation is impossible to achieve, as we will discuss in
detail in future work.
The configuration in Stage IV is qualitatively what we

would expect to happen in the Galaxy: A CR distri-
bution that is shaped by di!usion due to self-generated
turbulent magnetic fields.
A crucial new ingredient is the appearance of the large-

scale fields, a by-product of self-generation. At present,
it is not clear what could be the fate of such large scale
modes: in principle, these waves could be absorbed reso-
nantly by higher energy particles, that in this way may
limit their growth. The spread in momentum in our sim-
ulation is too small to address this issue. It is however
a point of major interest since in models of Galactic CR
transport, large-scale turbulence is typically assumed to
be injected only by supernova explosions [4, 5] or pro-
duced by high-energy CRs in resonance with these scales
[6].
Instead, our simulations indicate that large-scale fields

naturally arise from NLLD even in the absence of these
e!ects and can grow magnetic fields larger than the ones
on resonant scales. In principle, a new intriguing picture
is outlined: low-energy CRs can grow fields responsible
for scattering high-energy CRs. The phenomenological
consequences of these findings will be explored in a forth-
coming work.

IV. CONCLUSIONS

We discuss the first confirmation of the role of NLLD
as the main process regulating the growth of the reso-
nant streaming instability in a high ϱ plasma. This phe-
nomenon has been discussed for several decades now as
possibly responsible for the di!usion of CRs on Galactic
scales, and the self-confinement around sources.

 Initially the resonant SI leads to the growth of perturbations on the 
scale of the larmor radius of the particles 

 When NLLD sets in, we see that the perturbations at the resonant 
scale saturate but power appears to larger scales (inverse cascade) 

 These perturbations contribute to the damping but also can scatter 
with higher energy particles 

 Even more important, if Alfvenic perturbations were pre-existing they 
would dominate the damping with catastrophic implications for CR 
scattering 

 The waves are either completely self-generated or none of them are…
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HYBRID PIC SIMULATIONS3

self-consistently simulate the long-term, large-scale cou-
pling of CRs and background plasma than fully-kinetic
PIC codes since they do not need to resolve small electron
scales, usually dynamically negligible.

In simulations, physical quantities are normalized to
the number density (n0) and magnetic field strength
(B0) of the initial background plasma. Lengths, time
and velocities are respectively normalized to the ion in-
ertial length di = c/!pi, to the inverse ion cyclotron fre-
quency ⌦�1

ci , and to the Alfvén speed vA, being c the
light speed, !pi the ion plasma frequency and mi the
ion mass. The background ion temperature is chosen
such that �i = 2v2th,i/v

2
A = 2, i.e. thermal ions gyro-

radius rg,i = di. The system is 2D (x � y) in physical
space and retains all three components of the momenta
and electromagnetic fields. We discretized the simulation
grid, of size 5000 ⇥ 7000 di, with 7500 ⇥ 10500 cells (i.e.
�x = �y ' 0.66di). Open boundary conditions are im-
posed in each direction for the CRs and on x for the back-
ground plasma; the y direction is periodic for thermal
particles. A background magnetic field, directed along x
and of strength B0, is embedded in the simulation do-
main. The background plasma, described with Nppc = 4
particles per cell, has density n0 and its distribution is
Maxwellian. The speed of light is set to 20 vA and the
time step is 0.01⌦�1

ci . CRs, discretized with Nppc = 16,
are injected at the left boundary at x = 0 in a small
stripe 3200di < y < 3800di with an isotropic momentum
distribution with ptotal = 100mvA, i.e. Lorentz factor
� ⇡ 5, and nCR = 0.0133n0.

Results - As discussed above, the excitation of stream-
ing instability acts as a bootstrapping process for seed-
ing the over-pressurised region around the source. Al-
though this may be expected to take place even due to
resonant streaming instability alone, we showed above
that, around a source, CRs streaming away ballistically
(at least in the beginning) can excite a non-resonant
Bell instability. In principle, this configuration may
also produce other instabilities, e.g. driven by pressure
anisotropies [34] Once the particles start scattering on
these instabilities, they will start to move slower in the
x-direction, hence their spatial density increases. This
can be seen in the top three panels of Fig. 1, where we
plot the CR density nCR at three di↵erent times in the
simulation. Several interesting aspects arise from this
figure: first, at early times, CR presence is limited to a
small region around the injection location, and the region
occupied by CRs has basically the same transverse size
as the source itself (in fact somewhat larger because the
particles are injected isotropically, hence CRs are initially
distributed on a region that exceeds the source size by a
Larmor radius on both sides of the injection region). Par-
ticles are still streaming ballistically in the x-direction.
At later times, the density of CRs around the source
increases and the region filled by CRs expands in the
transverse direction as a result of the over-pressurisation
of the flux tube due to scattering. The force associated

FIG. 1. Contour plots of the CR density (top row), of the
background plasma density (center), and of the perpendicular
component of the magnetic field (bottom) at three times in
the simulation. A movie showing the time evolution of these
quantities is provided as Supplemental Material [35] .

with the gradient of CR pressure in the perpendicular
direction causes a partial evacuation of the plasma pre-
viously located inside the bubble, as can be seen in the
central panels of Fig. 1 (gas density, ngas). While the
bubble expands, the gas density in the center of the bub-
ble decreases while the gas density on the outskirts of
the bubble increases and density waves are launched out-
wards in the simulation box. In fact we stop the simu-
lation when those waves reach the boundary, where we
impose periodic conditions in the y direction.
The bubble expansion triggered by CR scattering is

due to the generation of magnetic perturbations in the
directions perpendicular to the initial background mag-
netic field, which are initially absent. This is illustrated
in the last row of plots of Fig. 1, where we show B?
at three di↵erent times. At early times there is virtually
no turbulent magnetic field. The streaming of particles
along the x-direction drives the formation of a highly-
structured B?. The self-generated magnetic field follows
the expansion of the bubble and determines the local rate
of particle scattering in the whole volume filled by CRs.
There is no doubt that the magnetized region extends in
the perpendicular direction as the bubble expands. The
magnetic field seems particularly strong on the edges of
the bubble, signalling that the bubble is wrapped in an
envelope of swept up compressed field lines. Inside the
bubble the field is irregular, as it should be if responsible
for CR scattering.
The fact that CR transport in the region surround-

ing the source gets profoundly a↵ected by this turbulent

Schroer+, 2021 and 2022

 THE EXCITATION OF THE INSTABILITY LEADS TO STRONG PARTICLE 
SCATTERING, WHICH IN TURN INCREASES CR DENSITY NEAR THE 
SOURCE  

 THE PRESSURE GRADIENT THAT DEVELOPS CREATES A FORCE THAT 
LEADS TO THE INFLATION OF A BUBBLE AROUND THE SOURCE

 THE SAME FORCE EVACUATES THE BUBBLE OF MOST PLASMA

 THERE IS NO FIELD IN THE PERP DIRECTION TO START WITH, BUT CR 
CREATE  IT  AT  LATER  TIMES  (SUPPRESSED  DIFFUSION,  ABOUT  10  TIMES 
BOHM)
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ACOUSTIC INSTABILITY + KINEMATIC DYNAMO

Antonio Capanema October 20255

Acoustic Instability
Simplified derivation from HD equations

Instability!

Present whenever CRs  
are escaping a “source”

2 ingredients: 
1) Inhomogeneous medium 
2) CR pressure gradient

PCR

L

e.g. shock wave precursor

DownstreamUpstreams ≳ P
ργ A sound wave or a magneto-sonic wave moving in 

the pressure gradient of upstream CR is unstable 
(Drury & Falle 1986, Drury & Downes 2012) 

Antonio Capanema October 20257

e.g. shock wave precursor

Maximum number of  
e-folds of growth in  
one advection time  

tadv = L/u0

M = u0/cs and Mms = u0/cms

Growth Rate

Capanema+2026

Antonio Capanema October 20257

e.g. shock wave precursor

Maximum number of  
e-folds of growth in  
one advection time  
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M = u0/cs and Mms = u0/cms

Growth Rate

Antonio Capanema October 20257

e.g. shock wave precursor

Maximum number of  
e-folds of growth in  
one advection time  

tadv = L/u0

M = u0/cs and Mms = u0/cms

Growth Rate
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ACOUSTIC INSTABILITY + KINEMATIC DYNAMO

MHD (PLUTO) simulations with fixed gradient 
Capanema+2026 
Beresnyak, Jones, & Lazarian 2009
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SUMMARY (1)

 Instabilities induced by non-thermal particles play a central role in both acceleration and transport 

 For fast shocks (faster than about 2000 km/s) the non resonant streaming instabilities dominant and leads 
to  

 For slower shocks the resonant instability comes into play and it is limited mainly by NLLD 

 In both cases, in the absence of these instabilities, the maximum energy is exceedingly small 

 Even in the presence of these instabilities it is unclear whether standard SNR can accelerate to PeV energies 

 Other processes (acoustic instability + kinematic dynamo) can contribute to increasing the upstream 
magnetic field
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SUMMARY (2)
 The transport of Galactic cosmic rays with E<1000 GeV is ruled by the excitation of the 

resonant streaming instability limited by NLLD 

 Transport in regions very close to the sources may be affected by both resonant and 
non-resonant streaming instability 

 The local confinement leads to overpressurized regions that excavate cavities in the ISM 

 At energies >1000 GeV, CR scattering remains subject of much debate. The feature at 
300 GV may be sign of transition from self-generated to external turbulence (PB+2012) 

 On global Galactic scales, the self-confinement of CR leads to pressure gradients that 
shape winds and outflows 



Additional Slides



31

COSMIC RAYS - SPECTRUM

 We now measure with good accuracy the spectra of 
individual primary components (p, He, C, …) as well as 
secondary (Be, B, antiprotons, positrons, …) 

 The all-particle spectrum shows a marked knee at about 
2 PeV and a clear suppression at 1020 eV  

 At the knee there is also evidence for a transition from 
lighter to heavier nuclei 

 The generally accepted view is that CR remain Galactic in 
origin up to the so-called second knee (1017 eV) where 
extragalactic CR kick in 

 It is not yet clear whether the suppression at the end of 
the spectrum reflects an intrinsic maximum energy or 
rather photo disintegration of nuclei 
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COSMIC RAYS - MASS COMPOSITION

• Virtually all spectra of predominantly primary nuclei show a 
hardening at rigidity of about 200 GV 

• All nuclei show a flux reduction at a rigidity of about 20 TV 

• After accounting for transport effects it appears that protons (H 
nuclei) need to be injected at the sources with spectra steeper than 
He 

• The source spectra of nuclei are all the same but somewhat steeper 
than He 

• These findings are difficult to reconcile with the rigidity 
dependence of both the acceleration and transport processes 
which is in fact observed  
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FIG. 1: DAMPE measured rigidity spectra (red dots) of carbon, oxygen, and iron, together with

the updated results of protons and helium, weighted by R2.6. The results from AMS-02 [11, 12, 24],

CALET [17, 18, 23, 25], and ISS-CREAM [19] are overplotted for comparison.

GV rigidity followed by a softening at → 15 TV, are observed among all the five species

of CRs. The spectral fitting with a smoothly broken power-law (SBPL) model (see the

Supplemental Material) provides significance of the hardening of 29ω, 23ω, 11ω, 10ω, and

2.7ω with hardening rigidity at 590± 40, 595± 40, 892± 210, 799± 76, and 1104± 435 GV

for proton, helium, carbon, oxygen, and iron, respectively. The smoothness parameter of

the break can also be obtained (except for iron), as given in Table S6 in the Supplemental
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THE KNEE

• According to the LHAASO recent measurement, the 
region of the knee is dominated by the light CR 
component (p+He) 

• The proton component seems to cut at rigidity about 1/2 
as for that of He nuclei, consistent with rigidity effects 
(either acceleration or transport)
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FIG. 2. (A): The energy spectrum of the light component
(!L), together with the proton spectrum (!p) and the helium
spectrum (!He = !L→!p), is plotted as a function of energy
after normalization by multiplication with E2.75. The proton
energy spectrum is updated through iterations described in
the text. The shaded bands indicate the systematic uncer-
tainty estimated with the EPOS–LHC hadronic interaction
model, while the error bars represent statistical uncertainties.
The red line depicts the fitting result of the helium spectrum
with the EPOS–LHC interaction model. Eq. 5, a combina-
tion of 3 power-law functional forms, is used in the fitting
procedure. All parameters and uncertainties are available in
Supplemental Material [28]. This fit is conducted over the
energy range of 0.3 to 13 PeV. The dashed red line extends
the function to lower energies with a simple extrapolation.
The first three points are found to deviate from the extended
function by 41.7ω, 10.7ω, and 0.7ω, respectively. (B): (Up-
per): Helium spectra based on di”erent hadronic interaction
models are presented as a function of energy after being mul-
tiplied by E2.75. (Bottom): Spectral indices of helium energy
spectra for di”erent hadronic interaction models, plotted as
a function of energy. Each index was fitted using a single
power-law function with three adjacent points. Error bars
show fitting uncertainties.

ties, and at the moment it is not possible to reach firm
conclusions. It is clearly very important to cover the gap
in energy between satellite and air shower measurements.
A common study involving the two detection methods,
to determine accurately the spectral shape in this criti-
cal energy range, will help in understanding systematic
e!ects and is an important goal for future studies.

The LHAASO helium spectrum becomes harder at an
energy Eh → 1.05 ± 0.06 PeV, with the spectral index
changing by ”ω → 0.23 ± 0.02. This is a very clear fea-
ture of the spectrum with high significance of more than

12ε. The feature of hardening and the energy Eh, as well
as the spectral index before the hardening, are highly in-
dependent of models, while the hardness of the spectrum
above 3 PeV su!ers some uncertainty, i.e., there exist
di!erences of 1 – 3ε in the spectral index between mod-
els. It is also interesting to note that a similar hardening
feature has been observed in the LHAASO proton spec-
trum with a very similar change of spectral index ”ω ↑
0.2 at an energy lower than 0.3 PeV. The feature seems
not to manifest a strict rigidity dependence–which would
imply a factor-of-two energy shift–between proton and
helium spectra, although the energy at which the pro-
ton spectrum becomes harder is not yet well determined
in experiments[20]. It is also notable that the hardness
(spectral index) of the helium spectrum is not as high
as that of the proton spectrum. This results in a signifi-
cantly lower helium flux compared to protons at around
the ‘proton knee’ (↑ 3.3 PeV). This directly demonstrates
the dominance of protons at the proton knee.
At an energy Ek ↑ 7 PeV, there is a broad softening

in the spectrum, referred to as the ‘helium knee’, with
the spectral index decreasing by about 1.0. The index
and Ek are slightly dependent on the interaction model
assumption within 2ε. The significance of the knee is
greater than 6ε. Nevertheless, due to the limited cover-
age of high energies above 7 PeV in the current analysis,
this knee feature indicates a rigidity dependence within
the margin of error when compared to the proton spec-
trum [20].
A fit to the data with a complex function formed with

three power-law components manifests all the features
precisely, including the description of the ‘sharpness’ of
the transients of hardening and the knee in the spectrum.
The overall ϑ2 of 10.0 with the number of degrees of
freedom of 10 indicates the goodness of description of
the features by the functional form, as shown in Fig. 2A.
Precise parameter values with di!erent interaction model
assumptions are listed in the Supplemental Material [28].
H/He ratio— Within 1ε, the spectral indices of pro-

ton and helium spectra are the same above the knee and
the spectra are softer than the all-particle spectrum [4],
also shown in Fig. 3. This implies that there is room
to accommodate the rigidity-dependent knees of heavier
components. If the hardening of the proton spectrum at
↑ 0.1 PeV was a surprising feature found by LHAASO,
the softening of the helium spectrum in the same en-
ergy range is somewhat ‘expected’ since the all-particle
spectrum has a significant simple power-law feature with
the single index of ↑ ↓2.75 [4]. These features result
in a very complex energy dependence of the ratio H/He,
which transits unity twice in the range below the helium
knee, as shown in panel B of Fig. 3. Note that all kinetic
energy-rigidity conversions in this work are based on the
assumption of a pure 4He sample.
This is a remarkable feature of the LHAASO measure-

ments in contrast to the behavior at lower energies, i.e.,
the helium spectrum is softer than the proton spectrum
in a wide energy range below the proton knee. This re-
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Figure 3: Cosmic ray proton spectrum from a few TeV to tens of PeV (upper panel). A factor of E2.75 is mul-
tiplied to the fluxes, allowing a detailed comparison between measurements in entirely different energy domains.
Proton spectra reported by the space-borne ISS-CREAM, DAMPE, CALET, and NUCLEON and ground-based
GRAPES-3, ICETOP, and KASCADE detectors and the LHAASO all-particle spectrum are plotted together with
the proton spectrum measured in this work by LHAASO. All error bars represent the statistical errors. To clearly
see how those measurements are connected over a wider energy range starting from 10−6 PeV, the spectra by AMS-
02, DAMPE and LHAASO (proton spectrum and all-particle spectrum) are plotted in the lower panel. AMS-02
and DAMPE have a good overlap around 10−3 PeV, and the gap between DAMPE and LHAASO around 0.1 PeV
should be covered by the two experiments shortly, allowing a complete description of the spectrum without suffer-
ing from a relative energy scale difference between experiments.
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A TOY MODEL FOR PROTONS IN OUR GALAXY

2h

2H

HALO ~ several kpc 

DISC ~ 300 pc

Assumptions of the model: 
1. CR are injected in an  infinitely thin disc 
2. CR diffuse in the whole volume  
3. CR freely escape from a boundary

1 Q(p, z) =
Q0(p)

⇡R2
d

�(z)
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A TOY MODEL FOR PROTONS IN OUR GALAXY

2h

2H

HALO ~ several kpc 

DISC ~ 300 pc

Assumptions of the model: 
1. CR are injected in an  infinitely thin disc 
2. CR diffuse in the whole volume  
3. CR freely escape from a boundary

1 Q(p, z) =
Q0(p)
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<latexit sha1_base64="CSRqDRv8D3jfPKzJ/Aa/Kpxi1Ks=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIrgl4KRS89VrAf2C4lm2bb0Gw2JFmhLv0XXjwo4tV/481/Y9ruQVsfDDzem2FmXiA508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYjVZrF4t6MJfUjPBAsZAQbKz2EpadK7VyeVdxeoeiW3RnQMvEyUoQM9V7hq9uPSRJRYQjHWnc8Vxo/xcowwukk3000lZiM8IB2LBU4otpPZxdP0KlV+iiMlS1h0Ez9PZHiSOtxFNjOCJuhXvSm4n9eJzHhtZ8yIRNDBZkvChOOTIym76M+U5QYPrYEE8XsrYgMscLE2JDyNgRv8eVl0rwoe27Zu7ssVm+yOHJwDCdQAg+uoAo1qEMDCAh4hld4c7Tz4rw7H/PWFSebOYI/cD5/ALP9j50=</latexit><latexit sha1_base64="CSRqDRv8D3jfPKzJ/Aa/Kpxi1Ks=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIrgl4KRS89VrAf2C4lm2bb0Gw2JFmhLv0XXjwo4tV/481/Y9ruQVsfDDzem2FmXiA508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYjVZrF4t6MJfUjPBAsZAQbKz2EpadK7VyeVdxeoeiW3RnQMvEyUoQM9V7hq9uPSRJRYQjHWnc8Vxo/xcowwukk3000lZiM8IB2LBU4otpPZxdP0KlV+iiMlS1h0Ez9PZHiSOtxFNjOCJuhXvSm4n9eJzHhtZ8yIRNDBZkvChOOTIym76M+U5QYPrYEE8XsrYgMscLE2JDyNgRv8eVl0rwoe27Zu7ssVm+yOHJwDCdQAg+uoAo1qEMDCAh4hld4c7Tz4rw7H/PWFSebOYI/cD5/ALP9j50=</latexit><latexit sha1_base64="CSRqDRv8D3jfPKzJ/Aa/Kpxi1Ks=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIrgl4KRS89VrAf2C4lm2bb0Gw2JFmhLv0XXjwo4tV/481/Y9ruQVsfDDzem2FmXiA508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYjVZrF4t6MJfUjPBAsZAQbKz2EpadK7VyeVdxeoeiW3RnQMvEyUoQM9V7hq9uPSRJRYQjHWnc8Vxo/xcowwukk3000lZiM8IB2LBU4otpPZxdP0KlV+iiMlS1h0Ez9PZHiSOtxFNjOCJuhXvSm4n9eJzHhtZ8yIRNDBZkvChOOTIym76M+U5QYPrYEE8XsrYgMscLE2JDyNgRv8eVl0rwoe27Zu7ssVm+yOHJwDCdQAg+uoAo1qEMDCAh4hld4c7Tz4rw7H/PWFSebOYI/cD5/ALP9j50=</latexit><latexit sha1_base64="CSRqDRv8D3jfPKzJ/Aa/Kpxi1Ks=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIrgl4KRS89VrAf2C4lm2bb0Gw2JFmhLv0XXjwo4tV/481/Y9ruQVsfDDzem2FmXiA508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYjVZrF4t6MJfUjPBAsZAQbKz2EpadK7VyeVdxeoeiW3RnQMvEyUoQM9V7hq9uPSRJRYQjHWnc8Vxo/xcowwukk3000lZiM8IB2LBU4otpPZxdP0KlV+iiMlS1h0Ez9PZHiSOtxFNjOCJuhXvSm4n9eJzHhtZ8yIRNDBZkvChOOTIym76M+U5QYPrYEE8XsrYgMscLE2JDyNgRv8eVl0rwoe27Zu7ssVm+yOHJwDCdQAg+uoAo1qEMDCAh4hld4c7Tz4rw7H/PWFSebOYI/cD5/ALP9j50=</latexit>

For z≭0: 

D
@f

@z
= Constant ! f(z) = f0

⇣
1� z

H

⌘

Rd
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A TOY MODEL FOR PROTONS IN OUR GALAXY

2h

2H

HALO ~ several kpc 

DISC ~ 300 pc

Assumptions of the model: 
1. CR are injected in an  infinitely thin disc 
2. CR diffuse in the whole volume  
3. CR freely escape from a boundary

1 Q(p, z) =
Q0(p)

⇡R2
d

�(z)
<latexit sha1_base64="dEq7O0LYmr8XS4LSNkpAj6ex2Z0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARWpGSFEE3QtGNy1bsBZoYJpNJO3SSDDMToQ19Bze+ihsXirh14863cXpZaPWHgY//nMOZ8/ucUaks68vILS2vrK7l1wsbm1vbO+buXksmqcCkiROWiI6PJGE0Jk1FFSMdLgiKfEba/uBqUm/fEyFpEt+qISduhHoxDSlGSlueedwo8ZNR+cIJBcJZw7NKvDzOHE7hjRfcVcfQCQhTqDQqQ88sWhVrKvgX7DkUwVx1z/x0ggSnEYkVZkjKrm1x5WZIKIoZGRecVBKO8AD1SFdjjCIi3Wx60xgeaSeAYSL0ixWcuj8nMhRJOYx83Rkh1ZeLtYn5X62bqvDczWjMU0ViPFsUpgyqBE4CggEVBCs21ICwoPqvEPeRTkfpGAs6BHvx5L/QqlZszY3TYu1yHkceHIBDUAI2OAM1cA3qoAkweABP4AW8Go/Gs/FmvM9ac8Z8Zh/8kvHxDc8WnDg=</latexit><latexit sha1_base64="dEq7O0LYmr8XS4LSNkpAj6ex2Z0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARWpGSFEE3QtGNy1bsBZoYJpNJO3SSDDMToQ19Bze+ihsXirh14863cXpZaPWHgY//nMOZ8/ucUaks68vILS2vrK7l1wsbm1vbO+buXksmqcCkiROWiI6PJGE0Jk1FFSMdLgiKfEba/uBqUm/fEyFpEt+qISduhHoxDSlGSlueedwo8ZNR+cIJBcJZw7NKvDzOHE7hjRfcVcfQCQhTqDQqQ88sWhVrKvgX7DkUwVx1z/x0ggSnEYkVZkjKrm1x5WZIKIoZGRecVBKO8AD1SFdjjCIi3Wx60xgeaSeAYSL0ixWcuj8nMhRJOYx83Rkh1ZeLtYn5X62bqvDczWjMU0ViPFsUpgyqBE4CggEVBCs21ICwoPqvEPeRTkfpGAs6BHvx5L/QqlZszY3TYu1yHkceHIBDUAI2OAM1cA3qoAkweABP4AW8Go/Gs/FmvM9ac8Z8Zh/8kvHxDc8WnDg=</latexit><latexit sha1_base64="dEq7O0LYmr8XS4LSNkpAj6ex2Z0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARWpGSFEE3QtGNy1bsBZoYJpNJO3SSDDMToQ19Bze+ihsXirh14863cXpZaPWHgY//nMOZ8/ucUaks68vILS2vrK7l1wsbm1vbO+buXksmqcCkiROWiI6PJGE0Jk1FFSMdLgiKfEba/uBqUm/fEyFpEt+qISduhHoxDSlGSlueedwo8ZNR+cIJBcJZw7NKvDzOHE7hjRfcVcfQCQhTqDQqQ88sWhVrKvgX7DkUwVx1z/x0ggSnEYkVZkjKrm1x5WZIKIoZGRecVBKO8AD1SFdjjCIi3Wx60xgeaSeAYSL0ixWcuj8nMhRJOYx83Rkh1ZeLtYn5X62bqvDczWjMU0ViPFsUpgyqBE4CggEVBCs21ICwoPqvEPeRTkfpGAs6BHvx5L/QqlZszY3TYu1yHkceHIBDUAI2OAM1cA3qoAkweABP4AW8Go/Gs/FmvM9ac8Z8Zh/8kvHxDc8WnDg=</latexit><latexit sha1_base64="dEq7O0LYmr8XS4LSNkpAj6ex2Z0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARWpGSFEE3QtGNy1bsBZoYJpNJO3SSDDMToQ19Bze+ihsXirh14863cXpZaPWHgY//nMOZ8/ucUaks68vILS2vrK7l1wsbm1vbO+buXksmqcCkiROWiI6PJGE0Jk1FFSMdLgiKfEba/uBqUm/fEyFpEt+qISduhHoxDSlGSlueedwo8ZNR+cIJBcJZw7NKvDzOHE7hjRfcVcfQCQhTqDQqQ88sWhVrKvgX7DkUwVx1z/x0ggSnEYkVZkjKrm1x5WZIKIoZGRecVBKO8AD1SFdjjCIi3Wx60xgeaSeAYSL0ixWcuj8nMhRJOYx83Rkh1ZeLtYn5X62bqvDczWjMU0ViPFsUpgyqBE4CggEVBCs21ICwoPqvEPeRTkfpGAs6BHvx5L/QqlZszY3TYu1yHkceHIBDUAI2OAM1cA3qoAkweABP4AW8Go/Gs/FmvM9ac8Z8Zh/8kvHxDc8WnDg=</latexit>

2 � @

@z


D
@f

@z

�
= Q(p, z)

<latexit sha1_base64="SHNjRqPMSw4Ydm6MPRGBlT5ElVM="></latexit><latexit sha1_base64="SHNjRqPMSw4Ydm6MPRGBlT5ElVM="></latexit><latexit sha1_base64="SHNjRqPMSw4Ydm6MPRGBlT5ElVM="></latexit><latexit sha1_base64="SHNjRqPMSw4Ydm6MPRGBlT5ElVM="></latexit>

3 f(z = H, p) = 0
<latexit sha1_base64="CSRqDRv8D3jfPKzJ/Aa/Kpxi1Ks=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIrgl4KRS89VrAf2C4lm2bb0Gw2JFmhLv0XXjwo4tV/481/Y9ruQVsfDDzem2FmXiA508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYjVZrF4t6MJfUjPBAsZAQbKz2EpadK7VyeVdxeoeiW3RnQMvEyUoQM9V7hq9uPSRJRYQjHWnc8Vxo/xcowwukk3000lZiM8IB2LBU4otpPZxdP0KlV+iiMlS1h0Ez9PZHiSOtxFNjOCJuhXvSm4n9eJzHhtZ8yIRNDBZkvChOOTIym76M+U5QYPrYEE8XsrYgMscLE2JDyNgRv8eVl0rwoe27Zu7ssVm+yOHJwDCdQAg+uoAo1qEMDCAh4hld4c7Tz4rw7H/PWFSebOYI/cD5/ALP9j50=</latexit><latexit sha1_base64="CSRqDRv8D3jfPKzJ/Aa/Kpxi1Ks=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIrgl4KRS89VrAf2C4lm2bb0Gw2JFmhLv0XXjwo4tV/481/Y9ruQVsfDDzem2FmXiA508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYjVZrF4t6MJfUjPBAsZAQbKz2EpadK7VyeVdxeoeiW3RnQMvEyUoQM9V7hq9uPSRJRYQjHWnc8Vxo/xcowwukk3000lZiM8IB2LBU4otpPZxdP0KlV+iiMlS1h0Ez9PZHiSOtxFNjOCJuhXvSm4n9eJzHhtZ8yIRNDBZkvChOOTIym76M+U5QYPrYEE8XsrYgMscLE2JDyNgRv8eVl0rwoe27Zu7ssVm+yOHJwDCdQAg+uoAo1qEMDCAh4hld4c7Tz4rw7H/PWFSebOYI/cD5/ALP9j50=</latexit><latexit sha1_base64="CSRqDRv8D3jfPKzJ/Aa/Kpxi1Ks=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIrgl4KRS89VrAf2C4lm2bb0Gw2JFmhLv0XXjwo4tV/481/Y9ruQVsfDDzem2FmXiA508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYjVZrF4t6MJfUjPBAsZAQbKz2EpadK7VyeVdxeoeiW3RnQMvEyUoQM9V7hq9uPSRJRYQjHWnc8Vxo/xcowwukk3000lZiM8IB2LBU4otpPZxdP0KlV+iiMlS1h0Ez9PZHiSOtxFNjOCJuhXvSm4n9eJzHhtZ8yIRNDBZkvChOOTIym76M+U5QYPrYEE8XsrYgMscLE2JDyNgRv8eVl0rwoe27Zu7ssVm+yOHJwDCdQAg+uoAo1qEMDCAh4hld4c7Tz4rw7H/PWFSebOYI/cD5/ALP9j50=</latexit><latexit sha1_base64="CSRqDRv8D3jfPKzJ/Aa/Kpxi1Ks=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJUkLIrgl4KRS89VrAf2C4lm2bb0Gw2JFmhLv0XXjwo4tV/481/Y9ruQVsfDDzem2FmXiA508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NRxoghtkJjHqh1gTTkTtGGY4bQtFcVRwGkrGN1O/dYjVZrF4t6MJfUjPBAsZAQbKz2EpadK7VyeVdxeoeiW3RnQMvEyUoQM9V7hq9uPSRJRYQjHWnc8Vxo/xcowwukk3000lZiM8IB2LBU4otpPZxdP0KlV+iiMlS1h0Ez9PZHiSOtxFNjOCJuhXvSm4n9eJzHhtZ8yIRNDBZkvChOOTIym76M+U5QYPrYEE8XsrYgMscLE2JDyNgRv8eVl0rwoe27Zu7ssVm+yOHJwDCdQAg+uoAo1qEMDCAh4hld4c7Tz4rw7H/PWFSebOYI/cD5/ALP9j50=</latexit>

For z≭0: 

D
@f

@z
= Constant ! f(z) = f0

⇣
1� z

H

⌘

Rd



� @

@z


D
@f

@z

�
=

Q0(p)

⇡R2
d

�(z)
<latexit sha1_base64="XXhpQyZQ2cs9UK7JC/fGKhZ9qcc="></latexit><latexit sha1_base64="XXhpQyZQ2cs9UK7JC/fGKhZ9qcc="></latexit><latexit sha1_base64="XXhpQyZQ2cs9UK7JC/fGKhZ9qcc="></latexit><latexit sha1_base64="XXhpQyZQ2cs9UK7JC/fGKhZ9qcc="></latexit>

Let us now integrate the diffusion equation around z=0 

and recalling that 

�2D
@f

@z
|z=0+ =

Q0(p)

⇡R2
d

<latexit sha1_base64="dWW41u5N6G3NdixeL/e1J42PvOE="></latexit><latexit sha1_base64="dWW41u5N6G3NdixeL/e1J42PvOE="></latexit><latexit sha1_base64="dWW41u5N6G3NdixeL/e1J42PvOE="></latexit><latexit sha1_base64="dWW41u5N6G3NdixeL/e1J42PvOE="></latexit>

Rate of  
injection per  
unit volume 

Diffusion  
Time 

Since Q0(p)~p-γ and D(p)~pδ 

f0(p) ~ p-γ-δ

f0(p) =
Q0(p)

2⇡R2
d

H

D
=

Q0(p)

2⇡R2
dH

H
2

D
<latexit sha1_base64="pPwlM0slNd8uLiTvnud2HiUhjy0="></latexit><latexit sha1_base64="pPwlM0slNd8uLiTvnud2HiUhjy0="></latexit><latexit sha1_base64="pPwlM0slNd8uLiTvnud2HiUhjy0="></latexit><latexit sha1_base64="pPwlM0slNd8uLiTvnud2HiUhjy0="></latexit>

D
@f

@z
|z=0+ = �D

f0

H
<latexit sha1_base64="8tvwTCtOTMDVkwvZqv/Y56EgvXM=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBLEkIujCQlEXXVawF2himEwn7dDJhZmJ0Ma8jBtfxY0LiwiufBUnbUVt/WHg4z/ncOb8bsSokIbxoeUWFpeWV/KrhbX1jc0tfXunIcKYY1LHIQt5y0WCMBqQuqSSkVbECfJdRppu/yqrN+8JFzQMbuUgIraPugH1KEZSWY5+cQ0tjyOcWBHikiIGvfSHhyl8cJJh2bg7SsvwGH43e46RJtXU0YtGyRgLzoM5hSKYquboI6sT4tgngcQMCdE2jUjaSbYNM5IWrFiQCOE+6pK2wgD5RNjJ+MoUHiinA72QqxdIOHZ/TyTIF2Lgu6rTR7InZmuZ+V+tHUvv3E5oEMWSBHiyyIsZlCHMIoMdygmWbKAAYU7VXyHuIZWDVMEWVAjm7Mnz0DgpmYpvTouVy2kcebAH9sEhMMEZqIAqqIE6wOARPINXMNKetBftTXuftOa06cwu+CPt8wt7XaSX</latexit><latexit sha1_base64="8tvwTCtOTMDVkwvZqv/Y56EgvXM=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBLEkIujCQlEXXVawF2himEwn7dDJhZmJ0Ma8jBtfxY0LiwiufBUnbUVt/WHg4z/ncOb8bsSokIbxoeUWFpeWV/KrhbX1jc0tfXunIcKYY1LHIQt5y0WCMBqQuqSSkVbECfJdRppu/yqrN+8JFzQMbuUgIraPugH1KEZSWY5+cQ0tjyOcWBHikiIGvfSHhyl8cJJh2bg7SsvwGH43e46RJtXU0YtGyRgLzoM5hSKYquboI6sT4tgngcQMCdE2jUjaSbYNM5IWrFiQCOE+6pK2wgD5RNjJ+MoUHiinA72QqxdIOHZ/TyTIF2Lgu6rTR7InZmuZ+V+tHUvv3E5oEMWSBHiyyIsZlCHMIoMdygmWbKAAYU7VXyHuIZWDVMEWVAjm7Mnz0DgpmYpvTouVy2kcebAH9sEhMMEZqIAqqIE6wOARPINXMNKetBftTXuftOa06cwu+CPt8wt7XaSX</latexit><latexit sha1_base64="8tvwTCtOTMDVkwvZqv/Y56EgvXM=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBLEkIujCQlEXXVawF2himEwn7dDJhZmJ0Ma8jBtfxY0LiwiufBUnbUVt/WHg4z/ncOb8bsSokIbxoeUWFpeWV/KrhbX1jc0tfXunIcKYY1LHIQt5y0WCMBqQuqSSkVbECfJdRppu/yqrN+8JFzQMbuUgIraPugH1KEZSWY5+cQ0tjyOcWBHikiIGvfSHhyl8cJJh2bg7SsvwGH43e46RJtXU0YtGyRgLzoM5hSKYquboI6sT4tgngcQMCdE2jUjaSbYNM5IWrFiQCOE+6pK2wgD5RNjJ+MoUHiinA72QqxdIOHZ/TyTIF2Lgu6rTR7InZmuZ+V+tHUvv3E5oEMWSBHiyyIsZlCHMIoMdygmWbKAAYU7VXyHuIZWDVMEWVAjm7Mnz0DgpmYpvTouVy2kcebAH9sEhMMEZqIAqqIE6wOARPINXMNKetBftTXuftOa06cwu+CPt8wt7XaSX</latexit><latexit sha1_base64="8tvwTCtOTMDVkwvZqv/Y56EgvXM=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBLEkIujCQlEXXVawF2himEwn7dDJhZmJ0Ma8jBtfxY0LiwiufBUnbUVt/WHg4z/ncOb8bsSokIbxoeUWFpeWV/KrhbX1jc0tfXunIcKYY1LHIQt5y0WCMBqQuqSSkVbECfJdRppu/yqrN+8JFzQMbuUgIraPugH1KEZSWY5+cQ0tjyOcWBHikiIGvfSHhyl8cJJh2bg7SsvwGH43e46RJtXU0YtGyRgLzoM5hSKYquboI6sT4tgngcQMCdE2jUjaSbYNM5IWrFiQCOE+6pK2wgD5RNjJ+MoUHiinA72QqxdIOHZ/TyTIF2Lgu6rTR7InZmuZ+V+tHUvv3E5oEMWSBHiyyIsZlCHMIoMdygmWbKAAYU7VXyHuIZWDVMEWVAjm7Mnz0DgpmYpvTouVy2kcebAH9sEhMMEZqIAqqIE6wOARPINXMNKetBftTXuftOa06cwu+CPt8wt7XaSX</latexit>
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WHICH CR FLUX WOULD BE MEASURED BY AN OBSERVER OUTSIDE OUR GALAXY? 

WE ALREADY ESTABLISHED THAT  

BUT THIS IS EXACTLY THE FLUX ACROSS A SURFACE IN DIFFUSIVE REGIME: 

THE SPECTRUM OF COSMIC RAYS OBSERVED BY AN OBSERVER OUTSIDE OUR 
GALAXY IS THE SAME AS INJECTED BY SOURCES, NOT THE SAME AS WE MEASURE 
AT THE EARTH!

D
@f

@z
= constant

<latexit sha1_base64="pwhz4eO05Z+bhou1jnPR+T0MOkA=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARxEWZEUE3QlEXLivYC7SlZNJMG5rJDMkZoQ7zDm58FTcuFHHrxp1vY6YdUFt/CHz855wk5/ciwTU4zpdVWFhcWl4prpbW1jc2t+ztnYYOY0VZnYYiVC2PaCa4ZHXgIFgrUowEnmBNb3SZ1Zt3TGkeylsYR6wbkIHkPqcEjNWzj65wx1eEJp2IKOBEYD/94fsUn2MaSg1EQs8uOxVnIjwPbg5llKvWsz87/ZDGAZNABdG67ToRdJPsbipYWurEmkWEjsiAtQ1KEjDdTSY7pfjAOH3sh8ocCXji/p5ISKD1OPBMZ0BgqGdrmflfrR2Df9ZNuIxiYJJOH/JjgSHEWUC4zxWjIMYGCFXc/BXTITERgYmxZEJwZ1eeh8ZxxTV8c1KuXuRxFNEe2keHyEWnqIquUQ3VEUUP6Am9oFfr0Xq23qz3aWvBymd20R9ZH9/1vZ40</latexit><latexit sha1_base64="pwhz4eO05Z+bhou1jnPR+T0MOkA=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARxEWZEUE3QlEXLivYC7SlZNJMG5rJDMkZoQ7zDm58FTcuFHHrxp1vY6YdUFt/CHz855wk5/ciwTU4zpdVWFhcWl4prpbW1jc2t+ztnYYOY0VZnYYiVC2PaCa4ZHXgIFgrUowEnmBNb3SZ1Zt3TGkeylsYR6wbkIHkPqcEjNWzj65wx1eEJp2IKOBEYD/94fsUn2MaSg1EQs8uOxVnIjwPbg5llKvWsz87/ZDGAZNABdG67ToRdJPsbipYWurEmkWEjsiAtQ1KEjDdTSY7pfjAOH3sh8ocCXji/p5ISKD1OPBMZ0BgqGdrmflfrR2Df9ZNuIxiYJJOH/JjgSHEWUC4zxWjIMYGCFXc/BXTITERgYmxZEJwZ1eeh8ZxxTV8c1KuXuRxFNEe2keHyEWnqIquUQ3VEUUP6Am9oFfr0Xq23qz3aWvBymd20R9ZH9/1vZ40</latexit><latexit sha1_base64="pwhz4eO05Z+bhou1jnPR+T0MOkA=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARxEWZEUE3QlEXLivYC7SlZNJMG5rJDMkZoQ7zDm58FTcuFHHrxp1vY6YdUFt/CHz855wk5/ciwTU4zpdVWFhcWl4prpbW1jc2t+ztnYYOY0VZnYYiVC2PaCa4ZHXgIFgrUowEnmBNb3SZ1Zt3TGkeylsYR6wbkIHkPqcEjNWzj65wx1eEJp2IKOBEYD/94fsUn2MaSg1EQs8uOxVnIjwPbg5llKvWsz87/ZDGAZNABdG67ToRdJPsbipYWurEmkWEjsiAtQ1KEjDdTSY7pfjAOH3sh8ocCXji/p5ISKD1OPBMZ0BgqGdrmflfrR2Df9ZNuIxiYJJOH/JjgSHEWUC4zxWjIMYGCFXc/BXTITERgYmxZEJwZ1eeh8ZxxTV8c1KuXuRxFNEe2keHyEWnqIquUQ3VEUUP6Am9oFfr0Xq23qz3aWvBymd20R9ZH9/1vZ40</latexit><latexit sha1_base64="pwhz4eO05Z+bhou1jnPR+T0MOkA=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARxEWZEUE3QlEXLivYC7SlZNJMG5rJDMkZoQ7zDm58FTcuFHHrxp1vY6YdUFt/CHz855wk5/ciwTU4zpdVWFhcWl4prpbW1jc2t+ztnYYOY0VZnYYiVC2PaCa4ZHXgIFgrUowEnmBNb3SZ1Zt3TGkeylsYR6wbkIHkPqcEjNWzj65wx1eEJp2IKOBEYD/94fsUn2MaSg1EQs8uOxVnIjwPbg5llKvWsz87/ZDGAZNABdG67ToRdJPsbipYWurEmkWEjsiAtQ1KEjDdTSY7pfjAOH3sh8ocCXji/p5ISKD1OPBMZ0BgqGdrmflfrR2Df9ZNuIxiYJJOH/JjgSHEWUC4zxWjIMYGCFXc/BXTITERgYmxZEJwZ1eeh8ZxxTV8c1KuXuRxFNEe2keHyEWnqIquUQ3VEUUP6Am9oFfr0Xq23qz3aWvBymd20R9ZH9/1vZ40</latexit>
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A TOY MODEL FOR OUR GALAXY: escape flux
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A SIMPLE APPLICATION: 
THE TRANSPORT EQUATION APPROACH TO DSA

UPSTREAM       	              DOWNSTREAM

U1	           U2

-∞                        0-    0+                        +∞

Advection      Compression                Diffusion

FOR A PLANE PARALLEL SHOCK: 

LET US ALSO ASSUME STATIONARITY!

It can be argued that downstream of the shock the only solution is the one for which:
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UPSTREAM solution

LET US ASSUME STATIONARITY (LATER WE SHALL DISCUSS IMPLICATIONS) 

IN THE UPSTREAM THE EQUATION READS 

THE SOLUTION THAT HAS VANISHING f AND VANISHING DERIVATIVE AT UPSTREAM INFINITY IS

FLUX IS CONSERVED!



AROUND THE SHOCK 
INTEGRATING THE TRANSPORT EQUATION IN A NARROW  NEIGHBORHOOD OF THE SHOCK WE GET 

WHERE WE USED du/dz=(u2-u1)δ(z) 

REPLACING THE EXPRESSIONS FOR THE DERIVATIVES DERIVED BEFORE: 

WHICH HAS THE SOLUTION:


